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^ . Abstract 

. Superfield approach in supersymmetric quantum field theory is described. Many 

I examples of its applications to different superfield models are considered. 

1^ ! 

^ 1 Introduction. General properties of superspace 

^ ! This paper presents itself as lecture notes in superfield supersymmetry based on lectures 

Q I given at Instituto de Fisica, Universidade de Sao Paulo and Instituto de Fisica, Universi- 

^ ■ dade Federal do Rio Grande do Sul (Porto Alegre). 

2 ■ The idea of supersymmetry is now considered as one of the basic concepts of theoretical 

O ■ high energy physics (see f.e. [1]). Supersymmetry, being a fundamental symmetry of 

^ ! bosons and fermions, provides possibilities to construct theories with essentially better 

I I renormalization properties since some bosonic and fermionic contributions cancel each 
other. Moreover, there are essentially finite supersymmetry theories without higher 

^ • derivatives, f.e. = 4 super- Yang- Mills theory. Now most specialists in quantum field 

. theory suggest that unified theory of all interactions must be supersymmetric. 

^ ! Concept of supersymmetry was introduced in known papers by Volkov and Akulov [2] 

^ I and Golfand and Lichtman [3] in early 70 's and received further development in [4] (the 



history of arising of the concept of the supersymmetry is well described in the book 
The essential breakthrough in supersymmetric field theory was achieved with introducing 
the idea of a superfield [6] (see also [7, 8]). The superfield approach in supersymmetric 
quantum field theory is a main topic of these lectures. We use notations introduced in 
[9, 10]. 

A superfield is a function of bosonic coordinates x"" and fermionic (Grassmann) ones 
The fermionic coordinates are transformed under spinor representation of Lorentz 
group. The indices i,j in general case take values from 1 to A^ in the case of A^-extended 
supersymmetry. Here and further we are generally interested in A^ = 1 case. However, we 
note that all theories with A^-extended supersymmetry possess A^ = 1 formulation. The 
supersymmetry transformations for coordinates are 

5^" = e"; SOa = ea] Sx" = i{ea^e - ea^O). (1.1) 

Here e°',€" are fermionic parameters. The general form of superfield is (see f.e. [9, 11]): 

F{x, e, e) = A{x) + ^>„(x) + e^cix) + e^F{x) + Pg{x) + i{ea''e)Aa{x) + 

+ ¥e'^Xc{x) + e^e^i^{x) + eWH{x). (1.2) 
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We note that this power series is finite due to anticommutation of Grassmann numbers 
9, 6 which enforces 0", 6"^ to vanish at n > 3. Further we will see that there are some 
restrictions on structure of superfields caused by the form of representation of supersym- 
metry algebra. Here f{x),ijja{x), ■ ■ ■ are bosonic and fermionic fields forming component 
content of superfield F. If a theory describing dynamics of these fields is supersymmetric 
its action should be invariant under supersymmetry transformations, i.e. symmmetry 
transformations with fermionic parameters. 

Example. In Wess-Zumino model [9] these transformations have the form 

5A{x) = e"V'a(^); 

5F{x) = eai9""Va. (1.3) 
Variation of arbitrary superfield F{x, 9, 9) has the form 

5F{x, 9, 9) = (e"Qa + e^Q'')F{x, 9, 9). (1.4) 
Here Qa, Qa are generators of supersymmetry possessing anticommutation relations 

{Qa, Qa} = 2i<TZdm\ {Qa. Qp} = {Od, Q p} = 0; [Q^, dm] = 0. (1.5) 

The variation (1.4) is a translation in some space. 

As a result we need in introducing some extended space parametrized by bosonic and 
fermionic coordinates (x", 9°", 9°') which includes standard space-time as subspace. This 
extended space is called superspace. Translations on superspace are given by standard 
Poincare translations and transformations (1.4). It is easy to see that (1.4) is a manifestly 
Lorentz covariant transformation. The superspace is parametrized by 4 bosonic coordi- 
nates x"- and 4 fermionic ones 9°' so it is 8-dimensional and is denoted as It is 
natural to consider superfields as fields in the superspace. Our task is to develop quantum 
theory for superfields based on principles of standard quantum field theory. 

To develop field theory on superspace we must introduce integration and differentiation 
on superspace, i.e. with respect to Grassmann coordinates. We can introduce left di and 
right Or derivatives with respect to Grassmann coordinates as 

f gai gaj-i gaj gaj+i Qa„\ _ ( -i \ai+...+Oi_i //jai/jai 



,(^Qa\Qai-\QaiQai+\ Qotn^ _ ^^o:i^ai_i ^ai+i ^'^")- 



Therefore these derivatives differ only by a sign factor. We can choose f.e. left one and 
use it henceforth. 

To introduce the integral we employ the definition / d99 = 1, or, generally, 

d9^9p = 6^. 
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It is a convention. Note that 9 and d9 have different dimensions: the mass dimension of 
9 is equal to and of d9 - to |, and variation S9 cannot be mixed with differential d9. 
Then, integral from a constant is zero, 



/ 



d91 = 



this identity is caused by translation invariancc due to which relation / d9{9 + X) — J d99 
for constant A must be satisfied, hence XJd9 = 0. We introduce the following scalar 
measures for Grassmann integration: 

d'^9 = -^d9'^d9a, d^ = -^d9j9^, d^9 = d'^9d'^9. (1.7) 
These measures satisfy the relations 

dH9^ = I d'99^ = I d''99^ 



(here and further we denote 9^ = 9'^9'^). 

Since |^ = S'p as well as / d9°'9p = we conclude that integration and differentiation 
in Grassmann space are equivalent. F.e. we see that 



Jd'9F{x,9,9) = Y^5^^^(^'^'^") = I^^(^'^'^")U-; 
Jd'9G{x,9) = -^-^^G{x,9)^~G{x,9)\e.. (1.9) 



Here \g2, \q202 denotes the corresponding component of the superfield. Of course, differen- 
tiations with respect to Grassmann coordinates anticommute. 

The supersymmetry generators possess several realizations in terms of and 

f.e. 

= - i9"{<7naadm, Q« = " + ^^"^(^'")/ja^-. (I-IO) 

All possible realizations of the supersymmetry generators must satisfy relations (1.5). 
The spinor supercovariant derivatives Da also must be constructed from and 
They should anticommute with generators Qa,Qa which provides that is 
transformed covariantly, i.e. according to (1.4): 

5{Da^) = {eQ + eQ)DA^. 

F.e. if generators of supersymmetry are realized in terms of (1.10) supercovariant deriva- 
tives are realized as 

d 

Da = -^Qa + iO^'dad = -^ 



89^' 

Da = -lQa+irdad = l{-^ + 2l9^{(Jnpadm). (I-H) 
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Here and further daa — {c"^)aadm- The spinor supercovariant derivatives satisfy the 
following anticommutation relations 

= -2idaa; {Da,D^} = {D^,D^} = 0. (1.12) 

So we defined procedures of integration and differentiation in superspace. 

The next step in developing field theory is in introducing of delta function. It must 
satisfy the condition analogous to standard delta function 

I d^e'5\e - e')f{e') = f{e). (1.13) 

This identity can be satisfied if we choose 

5'\e -e') = ^{9- d'Y{d - d'f. (1.14) 

It is easy to see that this delta function satisfies the condition 

j d^es^e - e') - 1. (1.15) 

We note the identity 

5\e^ - e2)DlDl8\e^ - e^) = 165^(^1 - e^). (i.ie) 

Further we denote 812 — 5^{9i — 62). It is easy to see that S12S12 — (^i2-D"5i2 = (^i2-D^5i2 = 

Si2DaSi2 = 0. 

A supermatrix is defined as a matrix M — Mq of the form 

^=(cd)- ("^) 

determining a quadratic form zpMqz'^ with z, z' are coordinates on superspace. Here 
A,B,C,D are even-even, even-odd, odd-even and odd-odd blocks respectively. Superde- 
terminant of this matrix is introduced as 

sdetM = j d^zid^Z2exp{-ziMz2). (1.18) 

It is equal to 

sdetM ^detAdet-\D -CA-^B). (1.19) 

And supertrace is equal to StrM = X)^(— 1)^^M^ = tiA — tiD. As usual, sdetM = 
exp(Strlog M). 

We can introduce change of variables in superspace. Then, if it has the form 

a;'" = x'^ix, e, 6); = ^'"(x, 6, 6), 6'" = e'"{x, 6, 6), (1.20) 
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the measure of integral is transformed as 

d'^T'd'^e' = d'^xd'^e sdet(^), (1.21) 

az 

where supermatrix (^) is 

/ dx' dx' dx' \ 

f)z' / dx ae, ae \ 

df ^ ^ \ , (1.22) 

ax aa dQ \ ^ ' 

\ ae' ae' ae' j 

^ ax ae ae ' 

We also must introduce variational derivative. In common field theory it is defined as 
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Jd'yf{y)A{y) = f{x), (1.23) 



ii f{x) and A{x) are functionally independent. Just analogous definition can be introduced 
for general (not chiral) superfield: 

jd'z'f{z')V{z')^f{z). (1.24) 



5V{z] 



However, for chiral superfields the definition differs. Really, by definition chiral superfield 
^{z) satisfies the condition D^^ = 0. Choice of supercovariant derivatives in the form 
(1.11) allows one make $ ^-independent, then the integral from a chiral function is non- 
trivial when it is calculated over chiral subspace, i.e. over d^z = d^xd^O. Hence we must 
introduce variational derivative with respect to chiral superfield $ as 

j d^z'F{z')^{z') = F{z). (1.25) 



5^z) 



And variational derivative from integral over whole superspace with respect to chiral 
superfield can be introduced as 

/ d'z'Giz'Mz') = ^/ d'z\-\D')G{z'Mz') = -Id'G{z). (1.26) 



S^z)J V ^ V ^ s^z) 

Therefore = S+{z — z') where 5^{z — z') = —^D'^S^{z — z') is a chiral delta function. 
It allows us to obtain useful relation 

= ^DlDy{z^ - Z2) = {~)D'^4z^ - z^) = {~)D'S4z^ - ^2).(1.27) 



5^zi)S^Z2) 16 ' ^ ' ^' ^ \' ' ^' ^ \' 

Here 5_ (2:1— Z2) = —\D'^b^{z\—Z'2) is antichiral delta function. Note the relation L>f (5® (^i — 

Z-2)=Dlb\z^-Z-2). 

If we consider some differential operator A acting on superfields we can introduce its 
fuctional supertrace and superdeterminant: 

StrA = J dhid^Z2S\zi- Z2)A6\zi- Z2). (1.28) 
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If we introduce kernel of the A which has the form A(2;i, Z'l) we can write 

StrA = y Szl\{z,z). 

Superdeterminant is introduced as 

sdetA = expStr(logA). 



(1.30) 



(1.29) 



Further we will be generally interested in theories describing dynamics of chiral and real 
scalar superfield. Note that irreducible representation of supersymmetry algebra is re- 
alized namely on these superfields [9]. The most important examples are Wcss-Zumino 
model, general chiral superfield theory [12], = 1 super- Yang- Mills theory and four- 
dimensional dilaton supergravity [13]. In this paper we consider application of superfield 
approach to these models. 

2 Generating functional and Green functions for su- 
perfields 

Now our aim consists of describing a method for calculation of generating functional and 
Green functions for superfields and following application of this method to calculation of 
superfield quantum corrections, i.e. in development of superfield perturbativc technique. 
We note that during last years activity in development of nonperturbative approaches in 
superfield quantum theory stimulated by paper [14] essentially increased. Nevertheless 
perturbative approach is still the leading one, and possibility of using nonperturbative 
methods is frequently based on applications of the perturbative ones. 

The generalization of path integral method for superfield theory turns to be quite 
straightforward but a bit formal. Really, generating functional is defined in terms of path 
integral which is well-defined only for some special cases. However, the case of Gaussian 
path integral is: (i) well-defined both in standard field theory and in superfield theory (ii) 
enough for development of superfield perturbation technique. 

Let us shortly describe introduction of path integral in common field theory. Let 
classical action S'[0] be a local space-time functional. The equations of motion are 
S',i[0] = O|0=(^Q. The 00 is a solution for this equation. We suppose that Hessian is non- 
singular at this point: det5'ij[0]0=<^o ^ (or as is the same equation Sij\^=^^a^ = is 
satisfied if and only if o? — 0. If Hessian is singular, we add to the action some term to 
make it non-zero (in gauge theories such term is called gauge-fixing one), after adding of 
this term all consideration is just the same as if the Hessian is non-zero from the very 
beginning. We suggest that action S'[0] is analytic functional, i.e. it can be expanded into 
power series in a neighbourhood of 



SW\ = 5[0o] + E -.S,,,..,S^ - ... (0 - 



n=2 



(2.1) 



The term with n = 2 is called linearized action: 

^ It., r, 




(2.2) 
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Here and further (ff — (f)^ — (f)^. Terms with n > 3 are called interaction terms Sint, and 
the action takes the form 

= SIM + So[^; M + S^nt[4>; M- (2-3) 
The Green function G^^ is determined on the base of linearized action as 

S.jiMG^' = -51; G'^SjSo] = -Si (2.4) 
The generating functional of Green functions is introduced as 

Z[J] J D(l)exp{^{S[(l)] + J(f))). (2.5) 
The Green functions can be obtained on the base of the generating functional as 

< . . . 0(x„) >= (i^) . . . (l^)iv/ D^exp(i(S[01 + 70). (2.6) 

We can calculate the path integral (2.5). To do it we expand = So[(t)] + Sint[(f>] 
after changing — in (2.3), 5*0 [0] = / d'^X(j)A(j) where A is some operator. Of course, 
path integration is quite formal operation well-defined only for the Gaussian integral and 
expressions derived from it. However, both in standard and superfield case we need mostly 
Gaussian integrals. As usual, 

J D<Pexp{^{S[<f>] + Jci>)) = J D<PexpC^{<pA<p + SU<f>] + J<P)) = 
= e^{^Sint{-^jj)) j D(j)cxY>{^{(pA(P + J(P)). (2.7) 
And (since this integral is Gaussian-like) 

j D0exp(^(0A0 + J4>)) = exp{-'-J{^)J)det-'l\^). (2.8) 

Therefore all dependence of sources is concentrated in exp(— | J(-|^) J). Construction of 
Feynman diagrams from expressions (2.6, 2.7, 2.8) is quite straightforward. 

Let us carry out this approach for superfield theory. Our example is Wess-Zumino 
model, consideration of other theories is rather analogous. We do not address specifics 
of gauge theories in which one must introduce gauge fixing and ghosts since after their 
introduction all procedure is just the same. The action of Wess-Zumino model with chiral 
sources is 

$; J, J] = j d^z^^ + ( j d^z{^^^=^ + ^ + (2.9) 

(as usual, conjugated terms to chiral superfields are antichiral ones). It can be rewritten 
in terms of integrals over chiral and antichiral subspace only: 

/I D'^ — \ 711 

d'z{-^- — )^ + + _$2 + + ^ ^ (2.10) 



The generating functional is 

Z[J, J]= J D^D^exp{iSj[(!>, $; J, J]). (2.11) 
The action Sj (2.10) can be represented in matrix form 

Integration in all terms is assumed with taking into account the corresponding chirality. 
We see that the operator A determining quadratic part of the action (see (2.7,2.8)) looks 
hke 

^ = ( -Tn^ -f ) • ("^) 

The propagator is an operator inverse to this one: 

G-A- = ^^f V (2.14) 

In other words, propagator G satisfies the equation 

The matrix 1 = ( r / \ I P^W^ the role of functional unit matrix. 

y U 0_[Zi - Z2) J 

Thus, the generating functional is 

A f ,« . <5 , -V2 



Z[J, J] = exp(i— / (fz{——f + /i.e.) det A x 
3! J oJ[z) 



X exp {~ J dzidz2 ( J(2;i) J( 



1 f m 



X I ""^V^^^ . )( y):^^)}- (2-16) 



5+(^l -Z2) W J(Z2 

S.{z,-Z2) J [ J{Z2 

The argument of the exponential function in last expression can be rewritten as 



--( [ (fzJ—^J + 2 I dhJ^^.J+ [ d'zJ^^j). (2.17) 
We can introduce two-point Green functions: 
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Here K+_{zi,Z2) = K^+{zi,Z2) = -u^S^i^i - ^2), K++{zi,Z2) = 4d(d-L^) '^^(^i " ^2), 

X {zi,Z2) — 4n(S^^2) (^^(-gi — -^2)- We note that in theory of standard (not chiral) 

superfield the variational derivatives with respect to sources do not involve factors D^, 
D^. These factors are caused by chirality. F.e. for theory of real scalar superfield with 
the action | / (fzvOv the propagator is simply G{zi, z^) = ^S{zi — z^). 

Different vacuum expectations can be expressed in terms of the generating functional 
(2.16) as 

< 0(a;i) . . . (I){xn)(j){yi) . . . Hjjm) >= 

,15^ ,1 5 ,,1 5 ^ A 5 ^ 

)(-TTr^)---(-TT^) X 




i5J{xi) "' i5J{xn) i5J{yi) "' idJ{ym) 
X exp {i^ j d^^ijj^f + h.c.) det A x 

X exp(-J / dzidz2 ( J{zi)J{zi) ) — - 

Of course, this expression contains all orders in coupling A. To obtain vacuum expectations 
up to some order in couplings we should expand exp(i|f / d^z{j^)^ + h.c.) into power 
series. As a result as usual we arrive at some Feynman diagrams. In these diagrams 
n + m is the number of external points, and order in A is the number of internal points. 
Each vertex evidently corresponds to integration over d^z or d^z. Therefore we have to 
introduce diagrams for superfield theory, i.e. Feynman supergraphs. Their value consists 
of the fact that they allow one to preserve manifest supersymmetry covariance at any step 
of calculations. 

Generating functionals of arbitrary models can be constructed by analogy with Wess- 
Zumino model: 

Z[J\ = eycp{i{S[$] + $J)). (2.20) 

Here is a column matrix denoting set of all superfields, J is a column matrix denoting 
set of corresponding sources. The Green functions can be determined in analogy with 
(2.19). 



3 Feynman supergraphs 

It is easy to see that the Green functions (2.18), the generating functional (2.16) and the 
vacuum expectations (2.19) lead to the known supergraph technique. Really, any < 00 >- 
propagator corresponds to (□ — rn?)~^ , at a chiral vertex each propagator is associated 
with —jD'^, and at an antichiral one - with — |-D^. However, each chiral (antichiral) 
vertex corresponds to integration over d^z (d^z). However, since we deal with S^{zi — Z2), 
for sake of unity it is more convenient to represent all contributions in the form of integrals 
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over dP'z via the rule (fz{—\)D'^F — J d^zF. As a result, / rf^2;$"-vertex is associated 
with n — 1 (— iD^) factors, and / li^^'I'^-vcrtcx - with m — 1 (— iZ}^)-factors - of course, 
in the case when all superfields are contracted into propagators. And the vertex 
in the same case - with m factors and n {—^D"^) factors. Here and further we refer to 
superfields contracted into propagators as to the quantum ones. We see that the number 
of D^, D"^ factors for such vertices is number of antichiral (chiral) quantum superfields 
associated with this vertex. There is no D, D-factors arisen from propagators of non- 
chiral (f.e. real) superfields. The propagator < 00 > (< 00 >) corresponds to 4n(™'^.„^2) 

( ^^^-^^2) )- However, only quantum fields (i.e. those ones contracted into propagators) 
correspond to D^, factors. External lines do not carry such a factor, and if one, two... 
n chiral (antichiral) superfields associated with the vertex are external the number of 
{D^) factors corresponding to this vertex is less by one, two... n than in the case when 
all superfields are contracted to propagators. 

If we consider the theory oi N — 1 super- Yang-Mills (SYM) field, its quadratic action 
after gauge fixing looks like 

" ^tr [ d^zVaV. (3.1) 



2 

The propagator is 

G{z,,Z2)^^S\zi-Z2) (3.2) 

(note the opposite sign with respect to < 00 >-propagator) . Here tr is matrix trace (the 
superfield V is Lie-algebra valued). There is no D factors associated with this propagator 
but they are associated with vertices. In pure N — 1 SYM theory vertices are given by 

Sint = I / d^z{D^D''V)[V, D^V] + ... (3.3) 

Here dots denote higher orders in V. The vertices of any order involve are two D factors 
and two D factors. The D-f actors in vertices involving both real and chiral (antichiral) 

superfields are arranged in a common way, i.e. any vertex $$V"" involves one factor 
(— i/)^) acting to the $ superfield when it is contracted to < $<!> > propagator and one 
factor (— ^D^) acting to the $ superfield when it is contracted to < $$ > propagator. 
As a result we can formulate Feynman rules. 
Propagators look like 

<00> = --^5'(z,-Z2); (3.4) 
<(t)(t>> ^ —J- ^5^(^i-^2); 

<vv> = ^5^{zi-Z2)] 
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vertices (here 0, are quantum superfields) correspond to 



/ 



cfzHv- - {-\)D\-\)D\ (3.5) 



All derivatives in derivative depending vertices act on the propagators. Any external 
chiral (antichiral) fields do not correspond to D (D)-factors. 

Of course, it is more suitable to make Fourier representation for all propagators (note 
that Fourier transformation is carried out with respect to bosonic coordinates only) by 
the rule 

hk) = / (3-6) 
The propagators in momentum representation look like 

<'t'mm> = -gi^A' (3-7) 



1 



< ^(1)^(2) > = --5t^. (3.8) 

Here 1, 2 are numbers of arguments, and = (^^(^i ~ ^2) = ^(^1 — ^2)^(^1 — ^2)^ is a 
Grassmann delta function. The £)-factors are introduced as above. Note, however, that 
spinor derivatives depend after Fourier transform on momentum of propagator with which 
they are associated. The external superfields also can be represented in the form of Fourier 
integral. Each propagator is parametrized by momentum, and any vertex corresponds to 
integration over coupling and delta function over incoming momenta. As usual, 
contribution of supergraph includes integration over all momenta and combinatoric factor 
which is totally analogous to that one in standard quantum field theory. 

Essentially new feature of superfield theories is presence of D-factors. To evaluate 
L'-algebra we can transport them via integration by parts, then, we can use the identity 

5t,D'DX2 = 165^2 (3.9) 

To prove this identity we can use expansion of supercovariant derivatives (1.11) and note 
that due to the evident property 

<^i2af^<^i2 — af^'^i2lei=e2 = ~ ^2a)(^i — ^2)^|ei=6>2 — 
only terms of the form 5i2(^)^(^)^^i2 = 16(^i2 survive. 
We can prove the following theorem. 

The final result for the contribution of any supergraph should have the form of one 
integral over 

Proof: Let us consider propagator with L loops, V vertices and P propagators. Any 
vertex contains integration over d^^, i.e. there are V such integrations. Then, due to 
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(3.7) any propagator carries a delta function over Grassmann coordinates, i.e. there are 
P delta functions. Then, in any loop we can reduce the number of delta functions by 
one using identity (3.9), i.e. there are P — L independent delta functions. As a result we 
can carry out P — L integrations from V, and after Z^-algebra transformations we stay 
with V — {P — L) integrations. And V — {P — L) = 1, therefore the result contains one 
integration over The theorem is proved [15]. 

This theorem is often called non-renormalization theorem. It means that all quantum 
corrections are local in ^^-space. This theorem is often naively treated as a proof of absence 
of chiral corrections (proportional to integral over d^6). However, such interpretation is 
wrong since any contribution in the form of integral over chiral subspace can be rewritten 
as an integral over whole superspace using identity 



(this observation was firstly made in [16], its consequences will be studied further). 

Now let us study evaluation of contributions from supergraphs. The algorithm of it is 
the following one. 

1. We start with one of loops. If the number of D-factors in this loop is equal to 4 we 
turn to step 2. If it is more than 4, superfiuous D-factors can be transported to external 
lines or another loops via integration by parts, and some of them are converted into 
internal momenta via identities D^D^D^ = IQOD"^, {Da, Dp} = —2idai3- As a result we 
stay with exactly 4 £)-factors. If the number of £)-factors is less than 4 than contribution 
from the entire supergraph is equal to zero. 

2. We contract this loop into a point using identity (3.9) and intergrate over one of 
d'^6 via delta function free of derivatives. 

3. This procedure is repeated for next loops. 

4. We integrate over internal momenta. 

However, the best way to study evaluation of supergraphs is in considering some 
examples. 

Example 1. One- loop supergraph in Wess-Zumino model. 




(3.10) 



D^ 



D^ 




Fig.l 



The contribution of this supergraph is equal to 




/ 





(27r) 



X 




(3.11) 
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The number of D-factors is just 4. £)-algebra transformations are trivial: we use identity 
(3.9) and write (^12 ^\q^ ^12 = ^12- The free delta function allows us to integrate over 
and denote 9i — 6. As a result we get 

h - / d'O f -^^^-p,eMp,e) I , , (3-12) 



2 7 J (27r)4 ^ ^' ^ (27r)4(A;2 + m2)((A;+p)2 + m2) 

Integral over k can be calculated via dimensional regularization, the result for it is 

f d^k 1 _ 1 pH{l-t)+m^ 

J (27r)4 + m2)((A; + p)^ + m?) ~ 16^^7 ~ k °^ ) l^. 3) 

As a result, contribution of this supergraph takes the form 

- i^^/'^V (S.*(-«)*(-«)li^(7 - 1: (3.14) 

However, the regularization in superfield theory in higher loops possesses some peculiari- 
ties [17]. 

Example 2. Two-loop supergraph in Wess-Zumino model. 




Fig.2 

The contribution of this supergraph is equal to 

\2 . ^4lj4; I. r)2 r)2n2 7^2 

A / "'C" f / ,4/1 74/1 / -^lNr4 -^l-'^2 r4 / -'^2 ^ 



6 i (27r) 

First we do I?-algebra transformations: we can write 



r)2 n2n2 r)2 n2n2 n2n2 

(-^)^12^^^2(-^)5f2 = ^t.^5t,'^5l. 



Then we use identity (3.9) two times: 

r)2 7)2 r)2 f)2 

4 -^1-^2 r4 -^1-^2 c4 _ r4 
"12 -j^g "12 -j^g "12 ~ "12 

As a result we can integrate over 82 using the delta function. We get 

^ ^[dMr, 1 

' Q J {2T:f J \k'' + m?){P + m?){{k + If + m?) ^ ' 

This integral vanishes in the standard case since it is proportional to an integral over 
d^9 from constant. However, if we suppose that m is not a constant but ^-dependent 
superfield this contribution is not zero. Namely this case is studied when the effective 
action is studied and m is suggested to depend on background superfields. 
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Example 3. One-loop supergraph in dilaton supergravity. 

G{k) 

d. 




G{k + p) 
Fig.3 

The contribution of this supergraph is equal to 

D°' D"^ f)!^ 77" 712 7-)/3 
^ ^^W^^t^^^W^^"^G{k)G{k + p). (3.17) 

Here G{k),G{k + p) are functions of momenta which expUcit form is not essential here 
(they are exactly found in [13]). The derivatives daa, are not transported from external 
fields cr, a. Our aim here is to obtain terms proportional to d"^ad"'a. We suggest that 
spinor derivatives associated with one propagator depend on momentum k, and with 
another - to k +p. 

Using commutation relations (1-12) we find that 

D^D^DW^ D'^D^D'^D^ .4 2A;"^L>^L>2L»/^ 2{k + l^^D^D^D^ ^ ^. 
16 16 ^ 16 16 ^^-^^^ 

We transport all spinor supercovariant derivatives to one propagator (here the terms with 
spinor supercovariant derivatives moved to the external lines are omitted as the irrelevant 
ones since they do not contribute to the divergent part [13]). As a result we arrive at 

r)i^ D'^ f) ■ f) 772 77/3 
4k-Hk+PrSt, St,. (3.19) 

We can use (1.12) several times. At the end we get 

4A;°^(A; + py^{k + p)^^{k + pY^5{^DsD^D^51^. (3.20) 

Equations (1.12) and (3.9) allow one to write 

We substitute this expression in (3.18). Using identity k'^^k^p = S^k^ we obtain the 
contribution from (3.18) in the form 

6Ak'"^{k+pf^{k + p)^St2, 
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which after integration over 62 leads to the following contribution for 73: 

X k'^'^{k+pf^{k+pfG{k)G{k+p). (3.21) 

Detailed analysis carried out in [13] shows that this correction is divergent. 

Calculation of corrections from supergraphs in other superfield theories is carried out 
on the base of analogous approach. 

We demonstrated that supergraph technique is a very efficient method for considera- 
tion of quantum corrections in superfield theories whereas the component study is much 
more complicated since one supergraph corresponds to several component diagrams (it is 
amusing that the exact expression for the classical action of dilaton supergravity occupies 
a whole page [13]). The next step of its development is introducing renormalization in 
these theories. 



4 Superficial degree of divergence. Renormalization. 

We found that divergent quantum corrections arise in superfield theories as well as in 
standard field theories. Therefore we face two problems: 

(i) to classify possible divergences; 

(ii) to develop a procedure of renormalization in superfield theories. 

It turns out that the technique for solving these problems is quite analogous to that 
one used in standard field theory. First problem can be solved on the base of superficial 
degree of divergence. The natural way for solving second one is in introducing superfield 
countcrterms which arc quite analogous to standard ones. 

First of all let us consider superficial degree of divergence [18]. 

Example. The = 1 super- Yang-Mills (SYM) theory with chiral matter (with 
Wess-Zumino self-interaction). For all other models consideration is quite analogous. 
The action of the theory is 

S = j (fz^iie^""))^^ + ( j (fz{]^mi,^i^, + ^$^%$fe) + h.c.) + 

+ tr^ / d^zie-'^ D'^e'^)D\e-'^ D^e<^^). (4.1) 

g J 

The lower-order vertices in this theory are 

^ j d^^*,*,*^, ^ j (fz^i^j^u, j d^z^.V;^^, itr j d'z{D^D^V)[V,D^V] (4.2) 

and higher ones. Indices i,j are matrix indices since $j is an isospinor, and V = V^lT^Yj 
is Lie-algebra valued. However, all vertices corresponding to pure SYM self-interaction 
contain exactly two chiral and two antichiral derivatives. We have proved already that 
all corrections should be proportional to one integral over d'^9. 
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As usual, the superficial degree of divergence (SDD) is the order of the integral over 
internal momenta for corresponding contribution, or, as is the same, as a degree of homo- 
geneity of diagram in momenta, considered after evaluation of D-algebra transformations 
[10]. The only difference of the SDD in our case is the additional impact from D-factors. 

It is easy to see that contributions to the SDD are generated by momentum depending 
factors in propagators and vertices (as usual, any internal momentum k gives contribu- 
tion 1), loop integrations, or, in other words, by manifest momentum dependence which 
is associated with propagators and loop integration, and by D-factors which are asso- 
ciated with propagators and vertices (note that due to identities D^D^D^ = 160D^, 
{Da, Da} = —2idaa ouc chiral derivative combined with an antichiral one can be con- 
verted to one momentum; therefore any £)- factor contribute to the SDD with 1/2). If 
not all spinor derivatives are converted to internal momenta, the SDD from supergraph 
evidently decreases. 

Let us consider arbitrary supergraph with L loops, V vertices, P propagators (C of 
them are < (f)(f) >, < (pep > -propagators) and E external lines {Ef. of them are chiral). 
We denote the SDD as lo. 

Any integration over internal momentum (i.e. over d^k) contributes to SDD with 4. 
Since the number of integrations over internal momenta is the number of loops, the total 
contribution from all such integrations is 4L. Any propagator includes or (3.7), 

hence contribution of all propagators is equal to —2P. Since < >, < >-propagator 
contains additional ^ these propagators give additional contribution — 2C. Therefore 
manifest dependence of momenta gives contribution to ui equal to 4L — 2P — 2C. 

Now let us consider contribution of D-factors to SDD. Each vertex (both pure gauge 
one and that one containing chiral superfields) without external chiral (antichiral) lines 
contains four D-factors (4.2) since any superfield (p (contracted to propagator) corresponds 
to D'^, and - to D'^. Therefore each vertex gives contribution 2. However, external chiral 
(antichiral) lines do not correspond to factors. As a result, any external line decreases 
u by 1, Each < 00 >, < 00 >-propagator contains a factor D^ (D^) with contribution 1. 
Then, due to identity (3.9) contraction of any loop into a point decreases the number of 
D-factors which can be converted to internal momenta by 4, and a; - by 2. As a result 
the total contribution of D-factors to u; is equal to 2V — Ec — 2L + C (remind that each 

factor contributes to co with 1/2). 

Therefore SDD is equal to 



Really, the SDD can be lower than (4.4) if some of D-factors are transported to external 
lines and do not generate internal momenta. If D-factors are moved to external lines 
the cu is equal to 



oj^AL-2P-2C + 2V-E^-2L + C^2L-2P + 2V-C-Ec. 



(4.3) 



Using known topological identity L + V — P = lwe have 



u;^2-C-Ec. 



(4.4) 




(4.5) 
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This is the final expression for the SDD. As usual, at a; > supergraph diverges, and at 

a; < - converges. We note that: 

1. a; < 2 hence SDD is restricted from above. 

2. As the number of external lines grows, uj decreases. Therefore the number of divergent 
structures is essentially restricted - it is finite (really, there can be no more than two exter- 
nal chiral legs and no more than two < >, < > propagators). And if the number 
of divergent structures is finite the theory is renormalizable. Hence we shown that the 
theory including chiral superfields with Wess-Zumino-type interaction and gauge super- 
fields with action (4.1) is renormalizable. This is quite natural since the mass dimension 
of all couplings in this theory is zero. 

However, non-renormalizable superfield theories also exist. 
Example. General chiral superfield model [12]. 
The action of the model is 

S ^ j d^zK{^, ^) + iJ d^zW{^) + h.c.) = 

= j d^z^^ + [j d^z{^m^^ + ^^^) + h.c.]+ (4.6) 

r _ _ OOl _ OOTT/ 

+ d'z[Ku<^^^ + K2i^<^'+ E -^i^^„$"$™] + (/ d^;2 5:^$" + /i.c.). 

Here K^j, Wi are constants. 

Propagators in the theory are just (3.7), their contribution to SDD is equal to 4L— 2P— 
2C as above. However, the contribution from D-factors differs. Any vertex Knm^"^^"^ 
corresponds to n Z)^-factors and m D^-factors. The total contribution to uj from all such 
vertices is J2vti''^v + nT-v), i-e. sum of n and m over all vertices corresponding to integral 
over total superspace. Any vertex 1^;$' contains an integral over d^z and effectively 
corresponds to {I — 1) L>^-factors. Total contribution from such vertices is J^vd^c — 1) (i-e. 
sum over all purely chiral or antichiral vertices). Again external lines decrease the number 
of (Z)^)-factors by 2Ec {Ec is a number of external lines), each < >,< >- 
propagators carries one (D^)-factor. Contraction of each loop to a point decreases the 
number of /^-factors by 4. Hence the total number of D-factors is 

2 ^(n„ + m„) + 2 ^(Z, - 1) - 2E, - 4L + 2C. (4.7) 

Vt Vc 

Contribution to SDD from D-factors is their number divided by two. Therefore total 
SDD is equal to 

cu = 4L-2P-2C+ -(2^(n^ + m„) + 2^(/c- 1) -2Ec-4L + 2C) = 

^ Vt Vc 

^ 2-2V-C-2E,+ [£(n, + m,)+J2(lc-l)]. (4.8) 

Vt Vc 

Here we used 2L — 2P = 2 — 2V . However, any vertex gives contribution —2 to term 
—2V and Ic — 1 or -\- rUy to other terms of a;. It is evidently that either Ic — 1 or 
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riy + niy can be more than 2 since either Ic > S or riy + > 3. Hence in general case 
J2vti''^v + f^v) +J2vci^c ~ 1) —21/ > 0, the number of divergent structures is not restricted, 
and the theory is non-renormahzable. This is quite natural since constants Kij (if i or j 
no less than 2) and Wi (if / > 4) have negative mass dimension. 

The next problem is introduction of regularization. The most natural way of intro- 
ducing regualarization in supersymmetric theories is dimensional regularization. It can 
be introduced as usual: integral 



/ 



(27r)4 (P + m^)^ 

is replaced by 



/ 



d^+'k 



(27r)4+^ (A;2 + m2)^' 

All divergences corresponds to poles in e (no more than ^ for L-loop correction). 

However, there are some peculiarities. First of all, at component level any supersym- 
metric action includes spinors and hence 7-matrices which are well defined if and only if 
the dimension of space-time is integer. Therefore we must use some modification of the 
dimensional regularization called dimensional reduction. According to it all objects with 
well behaviour only at separate dimensions (such as spinors and 7-matrices) are evaluated 
at these dimensions (or namely at dimension equal to 4) , and integrals over momenta - at 
arbitrary dimension. However, dimensional reduction leads to some difficulties in calcula- 
tion of higher loop corrections since many supergraphs involve contractions of essentially 
four- dimensional objects, such as Levi-Civita tensor e"*'='^^ with d-dimensional objects, and 
such contractions need additional definition. As a result frequently the ambiguities arise. 
However, such phenomena are observed only beyond two loops. 

We also can use analytic regularization which corresponds to change 

d'^k 1 r d'^k 1 



r d^k 1 f 
J (27r¥ f F + m2)" ^ J 



(27r)4 (F + m2)" J (27r)4(A;2 + m2)"+^' 

However, this regularization also leads to some difficulties (see discussion of questions 
connected to regularization in supersymmetric theories in [17]). 

Technique for renormalization in superfield theories is quite analogous to that one in 
common QFT. It is carried out via introduction of counterterms. 

Example. Consider one-loop contribution to the kinetic term in Wess-Zumino model. 
Corresponding supergraph is given by Fig. 1 (see above), its contribution is equal to 

We see that this divergence has the form of pole part proportional to ^. To cancel it we 
must add to the initial kinetic term 

S = j d^z^x,e)^x,e) (4.10) 
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(which is just / ■^^d^9^(-p, 9)^(p, 9)) a counterterm 

^S^ountr = / d\^z)^z) (4.11) 



which corresponds to the replacement of / d^z^^ in the classical action by / d^zZ^{z)^{z) 
where 

Z^l- (4.12) 

is a wave function renormalization. 

The essential peculiarity of superfield theories is the fact that number of counterterms 
in these theories is less than in their non-supersymmetric analogs. For example, Wess- 
Zumino model is a supersymmetric generalization of ^'^-theory, but it possesses only 
renormalization of kinetic term and no renormalization of couplings. The conclusion 
about absence of divergent correction to coupling the A (or as is the same - to chiral 
potential) is also called non-renormalization theorem. However, this theorem does not 
forbid finite corrections to superpotential which present in massless Wess-Zumino model 
[19, 20, 21, 22]. 

Theare are also some interesting properties of renormalization in superfield theories. 
First, all tadpole-type contributions in Wess-Zumino model vanish: supergraph 




has contribution proportional to D'^Sn = 5i2-D^5i2 = 0. The similar situation can occur 
in other superfield models involving the Wess-Zumino model as an ingredient. However, 
in theories including vertices proportional to integral over whole superspace (f.e. dilaton 
supergravity) tadpole contributions are not equal to zero [13]. 

Second, all contributions from vacuum supergraphs are proportional to / d'^9c (with 
c is a constant) and also vanish. However, this statement is not true for background 
dependent propagators. Using of background dependent propagators are very important 
method for calculation of effective action. Now we turn to its studying. 



5 Effective action and loop expansion 

Effective action is a central object of quantum field theory. Studying of effective action al- 
lows to investigate problems of vacuum stability. Green functions, spontaneous symmetry 
breaking, anomalies and many other problems. 

Effective action in superfield theory is defined as usual as a generating functional 
of one-particle-irreducible Green functions. It is obtained as a Legendre transform for 
generating functional of connected Green functions: 

r[$] = W[J] - J dzJ{z)^z). (5.1) 
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Here r[$] is an effective action, dz denotes integral over the corresponding subspace {(fz 
for chiral sources, d^z for general ones), $ is a set of all superfields, ^{z) — is so 

called mean field or background field, W[J] = ^\ogZ[J] is a generating functional of the 
connected Green functions. As usual, r[$] satisfies the equation 

The effective action can be expressed in the form of path integral [23] : 

Here S[(f)] is a classical action of the corresponding theory. Note that is a variable of 
integration, and $ is a function of classical source J which does not depend on 0. We 
introduced h by dimensional reasons and to obtain loop expansion. To calculate this 
integral we make change of variables of integration: 

If we have several fields we can unite them into a column vector, and all consideration is 
quite analogous. The integral (5.2) after this change takes the form 



I L,<^et(^[*+^'^l+^'^-^). (5.3) 

Our aim consists here of the expansion of r[0] in power series in h following the approach 
described in [23]. 

First, we expand factor in the exponent into power series in h: 

^5[$ + Vhcp] + -^(/.j = + s'[^]Vhcj> + + . . . + 

+ + ...). (5.4) 

77/. 

Here 5''^")[$] denotes n-th variational derivative of the classical action with respect to $ 
(integration over corresponding space is assumed). This expansion can be substituted 
into (5.3). We introduce r[$] = r[$] — S[^] which is a quantum contribution to effective 
action that can be expanded into power series in ^: F = X^^i ^"F^") . As a result we have 

ein*] ^ [ £)0exp lUsm + S'mVh(l) + -S"m(l)^ + ... + [$](/)" + . . .)] . (5.5) 

Then, the block ^(S"[$] + J)0 can lead only to one-particle-reducible supergraphs since 
its contribution with one quantum field (p can form only one propagator. Hence we can 
omit this term. Then we can expand the exponent into power series in h: 

em = I i^0et^"[*]'^'(l + !|?^(3)[$]</,3 ^ |^(4)[$]04 ^ 

+ i^m'wr +■■■)■ (5.6) 
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At the same time, after substituting the expansion of F in the left-hand side of (5.5) into 
power series in h we get exp(|f [$]) = e''"'^^t*^(l +i^r(^^[$] + . . .) (here we suppose that k 
is a small parameter). Substituing this expansion into (5.6) and comparing equal powers 
of h we see that any correction T^^^ corresponds to some correlator. For example, one-loop 
correction is defined from equation 

exp(iF(i)[$]) = J Dc/.es^"!*!'^', (5.7) 

and two-loop one - from equation 

i exp(i5"[$]</)2) ■ ^ ■ 

Here, as usual, integration over coordinates in expressions of the form IS as- 

sumed. 

We can see that: 

(i) All odd orders in \/h vanish since they correspond to / exp^^ "[$]0^). 
Due to symmetrical properties this integral is equal to zero. 

(ii) All terms beyond first order in h are expressed in the form of some correlators. 

(iii) One-loop correction (5.7) can be expressed in the form of functional determinant 
since 



/ 



which leads to 



L'(/.exp(-5"[$]02) = Det-^/^S"m, (5.9) 
2 



F« = -Tr log (5.10) 

2 



And (further we denote it as A) is a some operator. In many cases it has the form 

A = We can express one-loop effective action in terms of functional (super) trace 

FW = -Tr T-e^^^. (5.11) 



This expression is called Schwinger representation for the one-loop effective action. Sign 
Tr denotes both matrix trace tr (if A possesses matrix indices) and functional trace, i.e. 

Tre''^ = tr y Zi(fi Z2S%z-, - Z2)e''^6\zi - Z2) 

Calculation of e**^ in field theories is carried out with use of a special procedure called 
Schwinger-De Witt method or proper time method [24]. This method will be discussed 
in the next section. 

Let us consider higher loop corrections. From (5.6) it is easy to see that all loop 
corrections beyond one-loop order have the form of some correlators, i.e. they include 

I D0exp(^5"[$]02) l[iS^-\^]r). (5.12) 
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Such correlators can be calculated in the way analogous to standard theory of perturba- 
tions. We can use expression 



D00V'^^'^ = (-^)" / D0e^('^'^*+^'^)L=o, (5.13) 
I 6j J 

which allows to introduce diagram technique in which the role of vertices is played by 
^—^^i and role of propagators - by A"-*^. However since A = S"[(^] is background 
dependent (see above) we arrive at background dependent propagators < (t){z\)(l){z2) >— 
lSr^5^{zi — ^2)- These propagators are known to be found exactly only in some spe- 
cial cases, the most important of them are: first, constant in space-time background 
superfields, second, the background superfields are only chiral. Further we consider some 
examples. 

Let us turn again to (5.6). We see that each quantum superfield corresponds to 
and each vertex - to hT^ (which provides ^"''^~^S'("^[$]0"). Arbitrary (super)graph 
with P propagators and V vertices contain 2P quantum superfields (each propagator is 
formed by contraction of two superfields). Therefore if this (super)graph contain vertices 

. . . , S^'^mcp''^ its power in % is E,=i(f - 1) = | Y.J=i rii - V. How- 
ever, Yli=i iT'i is just the number of quantum fields associated with all vertices which is 
equal to 2P. Therefore the correlator described by this (super)graph has power of h equal 
toP — y = L — 1, with L is number of loops. But any correlator of the form (5.6) is a 
contrbution to ^, hence contribution from L-loop (super)graph to T is proportional to h^. 
Hence we found that the order in h from an arbitrary (super) graph is just the number of 
loops in it, and the expansion in powers of h is called loop expansion. As a result we see 
that loop corrections can be calculated on the base of special (super)field technique. 

Let us make some comments. One of the most frequent questions is: how is the 
definition of (one-loop) correction in effective action in terms of trace of logarithm related 
to expression of the same correction in terms of supergraphs? 

To clarify this relation we give an example. One-loop effective action in Wess-Zumino 
model is given by [25, 10] 

rW = ^Trlog(n-^*L'2-i^L>2-) ^5;L4) 
Here is background chiral superfield. This expression can be rewritten as 

r« = ^IVlog[n(l - ^i^D' + ^D'))]. (5.15) 
Expansion of the logarithm into power series leads to 

r^'^ = E -[7f(^^' + ^D'T- (5-16) 

This expression exactly reproduces the total contribution for the sum of the following 
supergraphs 
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Fig.4 



External lines here are for alternating \E'Z)^/4 and 'l'Z^^/4, and internal ones are for D~^. 
At the same time, if we consider theory of real scalar superfield u in external chiral 
superfield ^ with action 




it leads just to these supergraphs (if / d^zu{—j'$D'^)u and the conjugated term are treated 
as vertices), and one- loop effective action for this theory is again given by (5.14). 

We can see that the expression of one-loop effective action in the form of the trace of 
the logarithm of some operator allows to use some special technique which is equivalent 
to supergraph approach, but more convenient in many cases. This technique is called 
proper-time technique. 



6 Superfield proper-time technique 

As we have already proved, if the quadratic action of a quantum (super)field (p on classical 
background $ has the form / A [$](/) (/ dx here denotes integral over all (super) space), 
one-loop effective action in this theory is T^^^ = ^Tr ^g«sA Therefore we face the 
problem of calculating the operator e"^^^. In most important cases A = where 
dots denote background dependent terms. It is known [24] that the best way to find 
this operator in the case of common field theory is as follows. We introduce U{x,x'\s) ~ 
gisA^4^^ — x') called Schwinger kernel. Of course, U depends on background superfields. 
It satisfies the equation: 

dU 

,- = -UA. (6.1) 

The A is supposed to have form of power series in derivatives. And U satisfies initial 
condition 

U{x,x%=o^S\x-x'). 

In general case U is represented in the form of infinite power series in parameter s (called 
proper time) as [24] 

^ = -(i^^^'P^i;^" - -0^) E an(^«)'^. (6.2) 

(Ultraviolet) divergences correspond to lower orders of this expansion (note that ultra- 
violet case corresponds to s — > 0, infrared one - to s — > oo). Coefficients a„ depend on 
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background superfields and their derivatives. We note that if background superfields are 
put to zero, we arrive at 

U^''\x,x';s) = e''°6\x-x') = -j^^exp{^{x-x'f), (6.3) 

which satisfies condition 

/•OO 1 

t dsU^''\x,x';s)^-S\x-x'). (6.4) 

JO □ 

The approach in case of superfield theories is quite analogous. However, it possesses 
an essential advantage. In this case it is more convenient to expand Schwinger kernel 
U{x,x'; s) not in infinite power series in s but in a finite power series in spinor superv- 
covariant derivatives (these series are finite due to anticommutation properties of spinor 
derivatives) . 

Really, in most cases operator A in superfield theories looks like 

A = □ + ^ Anm{DT{DT = □ + A (6.5) 

with A is some background dependent operator (in most cases it contains only even 
orders in spinor derivatives, here we consider this case), Anm are background dependent 
coefficients. We introduce the structure 

U{z, z'; s) = ex.p{isA)S^{z - z') = exp(isA) ex.p{isa)S^{z - z') (6.6) 

(last identity is valid in the case of contributions which do not depend on space-time 
derivatives of superfields). We substitute natural initial condition 

U{z,z';s)\s=o = S%z-z'). 

And ex.p(isD)5^(z - z!) = b\Q - e')U^^\x,x';s) where U^^\x,x';s) is given by (6.3). 
Hence 

U{z,z';s) = exp{isA)U^°\x,x'; s)6\9 - e'). (6.7) 
Therefore we face the problem of calculating U — exp(isA). The U satisfies the equation 

dU 

i^ = -UA. (6.8) 

It is easy to see that U\s=o = 1- We expand U into power series in spinor supercovariant 
derivatives: 

U = l + ^A(s)D''D^ + ^A{s)D^D^ + ^B^(s)D^D^ + ^B,,D''D'' + 

+ \c{s)D' + \c{s)D' (6.9) 
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and substitute (6.9) into equation (6.8). As a result we obtain in right-hand side some 
power series in spinor derivatives. Comparing coefficients at analogous derivatives in 
right-hand side and left-hand side of identity we get 
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D2D2; 






8 













(6.10) 

and analogous equations for A,B^,C. Here dot denotes and |£)2 etc. denotes coeffi- 
cient at D'^ etc. in C/A. As a result we have system of first-order differential equations on 
coefficients determining structure of operator U . Since C/|s=o = 1 we have natural initial 
conditions 

>l|s=o = A\s=Q = B°'\s=o = Ba\s=o = C\s=o = C\s=o = 0. (6-11) 

The system (6.10) with initial conditions (6.11) can be solved like common system of 
differential equations (note however, that this solution is mostly found in special cases, 
such as independence on spinor derivatives of background superfields, or dependence on 
chiral background superfields only etc.) 

Then, U (s) (often called heat kernel) can be used for calculation of Green function as 

G(zi,Z2)=i r dsUU^°\x,x']s)S\e -e') (6.12) 
Jo 

(note that t/ is a differential operator in superspace) and for calculation of one-loop 
effective action as 

r(i) = l r ^ [ d^zd^z'S\z - z')UU^''\x,x';s)5\e - e'). (6.13) 
2 Jo s J 

As usual, / d^z = J d'^xd'^9^ we also use definition (6.3). Then, it is known that 5'^{9 — 
9)D'^D'^5^{6 — 9) = 166'^{9 — 9), and all products of less number of spinor derivatives 
give zero trace. Hence only coefficients of (6.9) giving non-zero contribution to one- loop 
effective action are A and A. And one-loop effective action looks like 

rW f d'xdXA{s) + A{s))U^'\x,x';s)\,=,,. (6.14) 

2 Jo s J 

As a result we developed technique for calculating background dependent propagators 
and one-loop effective action. Application of this technique will be further considered 
on examples of several theories. There is an essential modification of this method for 
supergauge theories [26] . 
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7 Problem of superfield effective potential 

Effective potentiai in standard quantum fieid tfieory is defined as tlie effective Lagrangian 
considered at constant values of scalar fields, and other fields are put to zero. The effective 
potential is used for studying of spontaneous symmetry breaking and vacuum stability 
[27]. 

First, let us shortly describe effective potential in common quantum field theory. The 
effective action has the form 

m = I d'xi-VefM - \z{4>)dm<t>d'^4> +■■■), (7-1) 

where Z{(j)) is a some function of 0, and V^//(0) is effective potential. For slowly varying 
fields, therefore, 

r[0] = - j d'xv,jf{4>). 

therefore effective potential is a low-energy leading term. It can be represented in the 
form of loop expansion 

oo 

= n0) + E^"^^'^n0)- (7.2) 



n=l 



For example, consider the theory with action 

S = j d'x{\<t^n<i^ + vm- (7-3) 

After background-quantum splitting — > $ -|- % where $ is background superfield and x 
is quantum one, we find the quadratic action of quantum superfields 

S2 = j dH\x{^ + V"mx] (7.4) 
which leads to one-loop effective action F^^^ [$] of the form 

r(i) [$] ^ log( □ + y" ($) ) . (7.5) 
Following Section 5, we can express this trace of logarithm in the form of diagrams: 






Fig. 5 

where external lines are Internal lines correspond to ^b^{Q\ — 62) ■ 

The sum of contributions from these supergraphs is 

s=i:- 7^( — w^r = - 77^4 iog(i + (7-6) 



n=l 



nJ (27r)4^ F ' J (27r)4 k 
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which after integration over df'k and extraction of divergences is equal to [10] 

^ iV"m'i\og^^ + C), (7.7) 



where C is some constant. The same result can be obtained via proper-time method (see 
calculation f.e. in [10]). 

Now we turn to superfield case. Let r[$, $] be the renormalized effective action for a 
theory of chiral and antichiral superfields. We can represent it as 

r[$, ^] = / d^zCeffi^, Da^, DaDb^; Da^, DaDb^) + 

+ {j <fzd^:j^{^) + h.c.) + ... (7.8) 

Here -D^$, DaDb^, ■ ■ ■ arc possible supercovariant derivatives of superfields $, $. The 
term Ceff is called general effective Lagrangian, and C^^jf is called chiral effective La- 
grangian. Both these effective Lagrangians can be expanded into power series in superco- 
variant derivatives of background superfields. Dots denote terms depending on space-time 
derivatives of l». We note that since chiral effective Lagrangian by definition depends 
only on $ but not on D^^ all terms of the form 



using relation / d^z{—^) = J d^z can be rewritten as 

J ciS^$"$(L>2|»)"*-^ 



i.e. in the form corresponding to general effective Lagrangian. Therefore here and fur- 
ther we consider all formally chiral expressions but involving (D^^jm contributions to 
general effective Lagrangian. 

We note that all chiral contributions can be also represented as integral over whole 
superspace: 

/ d'zG{^) = / d'z{-^)G. (7.9) 

Further, in component approach we must put scalar component fields to constants, and 
spinor ones - to zero, f.e. in Wess-Zumino model we write 

A — const, F — const, ip^ — 0. 

However, this condition is not supersymmetric, therefore we use condition of superfield 
constant in space-time: 

da^ = 0. (7.10) 
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Since da commutes with all generators of supersymmetry, this condition is supersymmet- 
ric. 

Effective potential is introduced as 

Veff = {- j d'dC^ff - ( / + /i.c.)}|a„*=a„#=o- (7.11) 

The minus sign is put by convention. We can introduce general effective potential 
^eff\aa^=da^=o chiral effective potential >Cgj^|a^#=o. It is easy to see that the gen- 
eral effective potential can be expressed as 

£e// = K($, $) + F(D«$, D^^, L>^$, L)2|>; $, $) (7.12) 

with F|o„$,£)^j.,D2$ £)2|,=o = 0. The K is called kahlerian effective potential, and F is 
called auxihary fields' effective potential, it is at least of third order in auxiliary fields of 
$ and l». These objects can be represented in the form of loop expansion: 

oo 

K(*,l>) = ii'o(*,*) + E^''^i'(*'*) (7-13) 

L=l 

oo 

F = Y.^'-Fl (7.14) 

L=l 

(the term corresponding to L = in the expression for F is absent for theories which do 
not include derivative depending terms in the classical action, such as the Wess-Zumino 
model), and 

oo 

4})/$) = &\^) + E n'cf{^). (7.15) 

L=l 

Here Kl, F^, C^f^ are quantum corrections. For Wess-Zumino model Ci"^ = 0, however, 
in some quantum theories (f.e. in = 1 super- Yang-Mills theory with chiral matter) 
one-loop contribution to chiral effective potential exists [20]. 

The expansion of the effective potential by the rules (7.11-7.15) can be applied for all 
superfield theories including noncommutative ones. However, we note that effective poten- 
tial in theories including gauge superfields must depend on them in a special way. Really, 
effective action in such theories should be expressed in terms of some gauge convariant 
constructions, f.e. in background field method gauge superfield is either incorporated to 
chiral superfields or presents in supercovariant derivatives and gauge invariant superfield 
strengths [28, 10]. 

Let us give a few remarks about the method of calculating effective potential. The best 
way for it is, of course, using of background dependent propagators which are expressed in 
terms of common propagators and background superfields. Background dependent propa- 
gators can be in certain cases exactly found. To calculate kahlerian effective potential and 
auxiliary fields' effective potential one can straightforwardly omit all space-time deriva- 
tives, moreover, to study kahlerian effective potential one can omit ALL supercovariant 
derivatives and treate background superfields as constants until final integration. The 
calculation of chiral effective potential, however, is characterized by some difficulties. We 
will study an approach to it on example of Wess-Zumino model. 
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8 Wess-Zumino model and problem of chiral effective 
potential 

Now we turn to consideration of superfield effective potential in Wess-Zumino model. 
Here we follow the papers [21, 22, 25] and book [10]. 

The superfield action of Wess-Zumino model is given by (2.9). Following loop expan- 
sion approach we carry out background-quantum splitting by the rule 

$ ^ $ + Vh(f); 

l> ^ ^ + Vh(j). (8.1) 

The expression (5.6) defining effective action under such changes takes the form (here 
f ^E^Li^'Tl) 



+ ^(^0^ + /i.c.)j. (8.2) 
The quadratic action of quantum superfields looks like 

And the matrix superpropagator by definition is an operator inverse to 



/ -ID' W 5+ \ 

I -ID' ^ )[^ ^- )' 

We can see that this matrix superpropagator can be represented in the form 



(8.4) 



■y\ - i ^++(^1'^2) Gj^^{Zi,Z2) \ 

where -|- denotes chirality with respect to corresponding argument , and — correspondingly 
- antichirality. 

It turns out to be that in Wess-Zumino model this matrix looks like 

1 ( DlDlGt{z,,z,) DlDlGt{z„z,)\ 
G{z„ Z2)--\^ DlDlGtiz,, z,) DfDiGtiz,, z,) ) " ^^"^^ 

where Gl^{zi, Z2) = (□ ^tpD"^ + \ipD')~'^5^{zi - Z2). Really, consider relation 

( ^ -\D' \ 1 / DlDlGt{z,,Z2) DlDlGt{z,,Z2) \ _ _ ( \ 

I -ID' V i 16 I DlD|Gt{z^,z,) DlDlGt{z,,z,) i " I 5 ) ^^"^^ 
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and act on both parts of this relation with the operator 

( -iD^\ 
[-ID^ )■ 

We get the following system of equations on components of matrix superpropagator G: 

- ^Dl{^G+_) = 0; 

- \Dl(^|^G^^) = ^DlDy(z,-z,). (8.8) 

Straightforward checking shows that components 6*++, G+-, G |_, G given by (8.6) sat- 
isfy this equation. Thus, we found matrix superpropagator (8.6) which will be used for 
calculation of loop corrections. 

Let us consider the one-loop effective action. Formally it has the form 

= --TrlogG 

where matrix superpropagator G is given by (8.6). However, straightforward calculation 
of this trace is very complicated since the elements of this matrix are defined in different 
subspaces. The one-loop effective action F^^^ can be obtained from relation 

e.-^/i.fc(i(^^)(_*^, "f )(!))■ 

To take this integral wc introduce a trick [25] which is used in many theories describing 
dynamics of chiral superfields. 

We consider theory of real scalar superfield with action 

S^^j (fzvD'^D'^D^v. (8.10) 

The action is invariant under gauge transformations 5v = K — K (here A is chiral, and 
A is antichiral). According to Faddeev-Popov approach, the effective action W for this 
theory can be introduced as 

e^^ = j Dve^eU'^-D'^^'D^-Six)- (8.11) 

Here d{x) is a functional delta function, and x is a gauge- fixing function. We choose x 
the form of column matrix 
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Note that since supercovariant derivatives are not real we must impose two conditions, 
and (8.11) takes the form 

e^^ = I Dve^eU'^-D'^^^D^-Si^D^ - m\D'v - 0)detA, (8.12) 

where 

-p^j 

is a Faddeev-Popov matrix. Wc note that W is constant by construction. We multiply 
left-hand sides and right-hand sides of (8.9) and (8.12) respectively, as a result we arrive 

at 

e^^^^'+^ = / D<pD4>Dve.p ( # ) ( _f^2 ) ( ) + >< 

X Si^D'^v - $)5{^D\ - (f))detA. (8.13) 
Integration over 4>, cj) with use of delta functions leads to 

^vw+w ^ j D(pD(pex.^{^-^u{n-KljD'^ -^^D'^)v)dei/\. (8.14) 



However, W and dctA are constants which can be omitted. We also took into account 



that I?^} -I- ^D"D'^Da — □ [15], hence the one-loop effective action is equal to 



1 1 

rW = lTrlog(n - -V^D^ - -V^L>2) (8.15) 

Here as usual V' = m + A$,?/' = m + A$. This one- loop effective action can be expressed 
in form of Schwinger expansion: 

r« = -Tr — exp(n - -^l;D^ - -i^D^), (8.16) 

or, after manifest writing the trace, 

r(i) = 1 / d'z,dh2 r -5\z, - Z2) eM^s{-\^D^ - i^i^'))e"°5«(zi - z^). (8.17) 

We consider kernel U{'4>\s) = eicp{is{—\il}D'^ — ^tpD'^)) = e**^. It evidently satisfies the 
equation 

OS 

It turns out to be that if we calculate kahlerian effective potential and all supercovari- 
ant derivatives from background superfields t/^,^ are omitted this equation can be easily 
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solved. We express U in the form (6.9). Then C/A is equal to 

4 4 
1 ~ - 1 - 

4 4 

_ —'4;CD''D^-—ipCD''D''. 
16 16 



(8.18) 



Comparing coefficients at analogous derivatives in 4^ and UA we get the following 
system of equations 



A = -i)C- 

C = -i)-'4)AU. 



(8.19) 



System for A, B, C has the analogous form with changing ijj ^ 'i/j, A ^ A etc. Here dot 
denotes 4^ = ^. Since U\s=o = 1, and all terms in expansion of U (6.9) are evidently 
linearly independent, natural initial conditions are 

^ = i = B" = B^ = C = C\,=o = 0. (8.20) 

We find that the system of equations for B" and B^ is closed (it is separated from whole 
system (8.19)) and homogeneous. Initial conditions above make its only solution to be 
zero, B°',Ba = 0. The remaining from (8.19) system for A and C (and analogous one 
for A and C) can be easily solved like standard system of common first-order differential 
equations. Its solution looks hke 



C = 



y — — (Alexp(iujs)—AQexp(—iujs)) 
Aq exp(ia;s) + A^ exp{—iu!s) — 



□ 



(8.21) 



Here uj = yipipo. Imposing initial conditions (8.20) allows to fix coefficients Al,Al. As 
a result we get 



C = 



1. 



□ 



[cosh(isY'0'0n) — 1] 



(8.22) 



Since A is symmetric with respect to change tjj ^ ijj we find that A = A. We note that 
only A and A contribute to trace in (8.17). Therefore one-loop kahlerian contribution to 
effective action is equal to 

j r roc (is 1 J — ~ — 

= 2 y ^'^^'^ I y-[cosh(5VV'V'n) - l]Uo{x,x';s)\,=,. (8.23) 
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Here Uo{x,x';s) is given by (6.3). This function satisfies the equation (see section 6): 



' ds IGtt^s^ 
We expand (8.23) into power series: 

i[cOsh(5V^^) - 1] = Vg2n+2 (V'Vi)"+' nr 

O ^ t'o (2n + 2)! 



And 



1 f.s. rdsf. (#^)"+Hn + l)! 



Here we cut integral at lower limit by introducing for regularization. We make the 
change sipip = t. As a result, the one- loop kahlerian contribution to effective action takes 
the form 

Then, ''-'tn^r''" =tIo' due~'^^---^\ Hence 

= ^— I dh^^P r - f' due--^^'--"\ (8.26) 

3277"^ J JiP'ipL^ t Jo 

At — > this integral tends to 

K^'^ = -^,^i^logi^l'L') - ^V'VS(log^ -0- (8.27) 

where ^ is some constant which can be absorbed into redefinition of ^. We can add the 
counterterm ^^^/^^ log(/i^L^) to cancel the divergence. Such a counterterm corresponds 
to renormalization of kinetic term by the rule 

$ ^ ZV2$; ^ = 1 + ^ log(//^L^). (8.28) 
And the renormalized kahlerian effective potential is 

K^'^ = -^V^V^(log ^ - 0- (8.29) 
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Another way for calculating of kahlerian effective potential consists in summarizing of 
contributions from supergraphs given by Fig. 4. Sum of these contributions looks like 
[29] 

which after D-algebra transformations and summation looks like 

(here we carried out dimensional regularization by introducing parameter e). Integration 
leads to 

where e = exp(l). Subtraction of divergence and redefinition of // leads to result (8.29). 

Now we turn to calculation of chiral effective potential. It is not equal to zero for 
massless theories. Really, as it was noted by West [16] the mechanism of arising chiral 
corrections is the following one. If the theory describes dynamics of chiral and antichiral 
superfields, then quantum correction of the form 



/ 



d'zfm-^)gm (8.33) 



can be rewritten as 

J dhf{<^)g{<^). (8.34) 

Here we used properties / d^z = J d^z{ — ^) and D'^D'^^ = 16n$ (last identity is true 
for any chiral superfield $), and /($), g{^) are arbitrary functions of chiral superfield 
However, presence of factor is characteristic for massless theories, in massive theories 
where we have (□ — irP')^^ instead of D^^, and this mechanism of arising contributions 
to chiral effective potential is not valid. In the case of massless theory we can find matrix 
superpropagator exactly: first, 

Gt{z,,z,) = {n + l^D')-'5\z,-z,)^^^5\z,-z^)- 

' ^l^{z,)^5\z,-z,) (8.35) 



4ni ' MDi 

(higher terms in this expansion are equal to zero because they are proportional to 
or — Q). Therefore components of matrix superpropagator look like 



= Q-^G^^^G^^^S^z.-z,) 
4n/^^ ' I6n 



d2 D2n2 

G- = --^[i^{zr)-^5\z,-Z2)]. (8.36) 
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Here * denotes complex conjugation. We note that background chiral superfield ■0 is not 
constant, otherwise when we arrive at expression proportional to D^ip we get singularity ^ 
[21]. The only two- loop contribution to chiral effective potential is given by the following 
super graph 




External lines are chiral. We use representation in which ^{z) = 9), and Da — —^a- 
Remind that in this case ip = A<l>. 

Contribution of the supergraph given in Fig. 6 looks like 

X ^(Pl + P2,d5) 9 9— 9 9X 

r)2 Jj2jj2 Jj2fj2 
X 5l3^532^^5l4(^42^^5l5552. (8.37) 

After £)-algebra transformation this expression can be written as 

f d^pid^p2 d^kdH 
(27r)^ (27r) 



A" f d^pid p2d"Kd"l f ,2/,^/ /iN^/ /,\^/ 



X + + (8.38) 

kH^{k + pif{l + P2)\l + k)\l + k+pi+ P2) 

Here we made transformation / d'^9 — J d^9{—\D'^) and took into account that 
D'^D'^^{p, 9) = -16p^$(p, 9). Note that if $ = const we get D'^D'^^ = 0, hence we cannot 
consider $ as constant. 

As we know the effective potential is the effective lagrangian for superfields slowly 
varying in space-time. Let us study behaviour of the expression (8.38) in this case. The 
contribution (8.38) can be expressed as 

I = d'9 J^^^^^-p,,9M-P2,9Mp,+P2,9)S(p,,P2). (8.39) 

Here pi,P2 are external momenta. The expression S{pi,p2) here is equal to 

d^kdH kYi + l^Pl + 2{kl){piP2) 

2/, , \2/, , , \2/, , , ; ; 72 ■ 



r d^kc 
J 72^ 



(27r)" kH^(k+piy(i+p2y{i + ky{i + k+pi +P2y 
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After Fourier transform eq. (8.39) has the form 



I = ^Jd'eJd'x,d'x2d'xsJ^^^^x,,eMx2,e)x 

X ^{x3,9)exp[i{-pixi -P2X2 + iPi+P2)x3)]S{pi,p2). 



(8.40) 



Since superfields in the case under consideration are slowly varying in space-time we can 
put ^{xi,9)^{x2,0)^{x3,9) ~ ^^{xi,9).. As a result one gets 



I = 



12 



j d^9 j d'^Xid'^X2d^ 



X2. 



d'^Pid^P2 
(2vr)' 



$3(a;i,^) X 



X exp[i(-piXi -^22^2 + (pi +P2)a:3)]'S'(pi,p2)- 



(8.41) 



Integration over d^X2d'^X3 leads to delta-functions 6{p2)5{pi +^2)- Hence the eq. (8.40) 
takes the form ^ 

^ = Y^Jd'^J d'^i^^i^i,0)SiPi,P2)Up,=o. (8.42) 

Therefore final result for two-loop correction to chiral (frequently called holomorphic) 
effective potential looks hke 



6 



(167r2) 



(8.43) 



Here we took into account that 

d^kdH l^-A + P4 + 2ihh){PiP2) 



I 



{2nf m\k + prf{l + p2f{l + kf{l + k + pi + P2) 



2 \pi=P2=0 



fC(3). 



We see that the correction (8.43) is finite and does not require renormalization. 

Chiral contributions to effective action arise also in other theories describing dynamics 
of chiral superfields. F.e. in general chiral superfield theory the leading chiral contribution 
is also chiral effective potential (see next section), in dilaton supergravity leading chiral 
contribution is of second order in space-time derivatives of chiral superfield (see section 
10), and these corrections are finite. The situation in = 1 super- Yang-Mills theory, 
however, possesses some peculiarities. Really, in this model both finite (Fig. 7a) and 
divergent (Fig.7b) two-loop chiral contributions are possible. 





Fig.Ta 



Fig.7b 
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Finite contributions (there are more than 10 supergraphs of the form similar to Fig. 

7a [30]) all give contributions to effective potential proportional to -^^^^ (cf. (8.43)), 
i.e. finite chiral contributions are analogous to the case of Wess-Zumino model. As for 
divergent contribution given by Fig. 4b it is, after D-algebra transformation, equal to 

d'^Pid^P2 , , ^2 f d'^kdH 1 

X 



W7T-^-—^^-Pi,0)^-p2,9)^{pi+P2,9). (8.44) 

t [I' -r Pi + P2) 

To obtain the low-energy leading contribution we must consider the limit at Pi,P2 0. 
It is known [201 that 



, , d^k 1 1 log[a(l-a)] Co 



Pi,P2-o^^' J (2t:Y k'^{k + pif{k + p2f W Jo l-a(l-a) IGtt^' 

where Cq is a some constant. The integral over I is divergent, and after dimensional 
regularization it is equal to 

d^-H 1 1 .2 . (Pi +P2)\ 



1 (27r)4-^ IHl + Pi + po)^ " T6^\ ^ 



After cancellation of divergence with help of the appropriate one-loop counterterm and 
transforming to coordinate representation we see that expression (8.44) for slowly varying 
in space-time superfields takes the form 



/ 



Thus, the leading chiral correction in iV = 1 super- Yang-Mills theory with chiral matter 
is nonlocal one (detailed discussion is given in [30]). We note that nonlocal chiral correc- 
tions in this theory arise also in the pure gauge sector [31]. Hence presence of quantum 
contributions to chiral effective Lagrangian is quite characteristic for theories including 
chiral superfields. 



9 General chiral superfield model 

From viewpoint of superstring theory low-energy models of elementary particles are effec- 
tive theories in which integration over massive string modes is carried out, 10- dimensional 
background manifold has the form x K where is four-dimensional Minkovski space, 
and K is some six-dimensional compact manifold. Then reduction to is carried out. 
As a result we arrive at theory in with action [1] 

5[$, ^ = J d^zK{¥, ¥) + {J d^zW{¥) + h.c). (9.1) 

We can use matrix denotions via introduction of column vector $ = {^*}, after which the 
consideration in the case of several chiral superfield is analogous to the case of one chiral 
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superfield (some extensions of this model involving the gauge superfields are given in 
[32]). We can consider this theory for arbitrary functions K and W. Note that there is no 
higher derivatives in the classical action. Therefore the theory with the action (9.1) is the 
most general theory without higher derivatives describing dynamics of chiral superfield. 
There are a lot of phenomenological apphcations of this model in string theory (see [32] 
and references therein). In general case this theory is nonrenormalizable; however, it is 
an effective theory aimed for studying of the low-energy domain. Therefore all integrals 
over momenta are effectively cut by condition p <^ Mstring where p is momentum, and 
Mstring = lO^^GcV ~ 10~^Mp; is a characteristic string mass. 

The effective action in the theory, as well as that one in the Wess-Zumino model, can 
be presented as a series in supercovariant derivatives Da — {da, D^, D^) in the form 

r[$,$] = J d'zCeffi^,DA^,DADB^;^,DA^,DADB^) + 

+ {[d'zC%{^) + h.c.) + .... (9.2) 



Here again, like in the Wcss-Zumino model, C^ff is called general effective lagrangian, d'^^f 
is called chiral effective lagrangian. Both these lagrangians are the series in supercovariant 
derivatives of superfields and can be written in the form of loop expansion 



= Xe//(^,*)+... = i^(^,*) + E^S/(^'*); 

n=l 



oo 

4/V = PFe^/(*) + ... = PF($) + EvFi;)(*) + .... (9.3) 



n=l 



Here dots mean terms depending on covariant derivatives of superfields $, $. As earlier, 
the Keff{^,^) is called kahlerian effective potential, Wf.ff{^) is called chiral (or holo- 
morphic) effective potential, -f^e// ^ n-ih correction to kahlerian potential and VF^jj is 
a n-th correcton to chiral (holomorphic) potential W . 

The one-loop contribution to the effective action is totally determined by the quadratic 
part of expansion of \S[^ + \/h(j), $ + Vh(f)] in quantum fields 0, (j) which looks like 

and defines the propagators and the the higher terms of expansion define the vertices. 
Here K^^ - ^'-^^^'^^ K^^ - 9''k{^,^) tt/" _ ^ 

The corresponding matrix supcrpropagator has the form 

where + denotes chirality with respect to corresponding argument, and — correspondingly 
- antichirality. This propagator satisfies the equation 

-\D^K^^ W" -\{D''K^^) j\G-+{z^,Z2) G..{zi,Z2) J 
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S+ 
5- 



(9.6) 



To consider kahlerian effective potential we must omit all derivatives of superfields 
and the equation takes the form 



W" 



W" 



^++(^15^2) G^+-(^l5^2) 



6+ 
6_ 



(9.7) 



The solution of this equation looks like 



Kl^n - w"W" 



w" 



W" 



S+ 
(5_ 



(9.8) 



Now we turn to studying of quantum contributions to kahlerian effective potential de- 
pending only on superfields i> but not on their derivatives. 

The one-loop diagrams contributing to kahlerian effective potential are 






Double external hues correspond to alternating W" and W". Internal lines are < (/xp >- 
propagators of the form 

Go =< 4>4> >= - . 

Supergraph of such structure with 2n legs represents itself as a ring containing n links of 
the following form 



W" 



W" 



L>2 



The total contribution of all these diagrams after £)-algebra transformations, summa- 
tion, integration over momenta and subtraction of divergences is equal to 



327r2 



-"^(JxJ) f- ^^^^ 



(9.9) 



This form is more convenient for analysis of many-field model than that one given in 
[12, 33], and tr denotes trace of product of the given matrices. It is easy to show that 
the present result corresponds to the known expression for the Wess-Zumino model where 
W" = |A$. 

Let us consider the chiral (holomorphic) effective potential Weff{^)- The mechanism 
of its arising is just the same than in Wess-Zumino model. We note again that the chiral 
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contributions to effective action can be generated by supergraphs containing massless 
propagators only. To find cliiral corrections to effective action we put $ = in eq. (9.4). 
Therefore here and further all derivatives of K, W and W will be taken at 
i> = 0. Under this condition the action of quantum superfields 4>, 4> in external superfield 
$ looks like 

;^-)(^)+/,awv+.... (9.10) 

The dots here denote the terms of third, fourth and higher orders in quantum superfields. 
We call the theory massless if W |$=o = 0. Further we consider only massless theory. 

To calculate the corrections to we use supergraph technique (see f.e. [10]). For 

this purpose one splits the action (9.10) into sum of free part and vertices of interaction. 
As a free part we take the action Sq — J dP'z^)^). The corresponding superpropagator is 
G{zi,Z2) = ~ ^gD^ ^^{zi — Z2). And the term 0, $] — 5*0 will be treated as vertices 
where S'[0, 0, $] is given by eq. (9.10). Our purpose is to find the first leading contribution 
to Weff{^)- As we will show, chiral loop contributions begin with two loops. Therefore 
we keep in eq. (9.10) only the terms of second, third and fourth orders in quantum fields. 

Non-trivial corrections to chiral potential can arise only if 2L + 1 — n^n — ny^ — 
where L is a number of loops, n^n is a number of vertices proportional to W , ny^ is that 
one of vertices of third and higher orders in quantum superfields, otherwise corresponding 
contribution will cither vanish or lead to singularity in the infrared Unit. In onc-Ioop 
approximation this equation leads to n^" + ny^ = 3. However, all supergraphs satisfying 
this condition have zero contribution. Therefore first correction to chiral effective potential 
is two-loop one. In two-loop approximation this equation has the form n^" -|- ny. = 5. 
Since the number of purely chiral (antichiral) vertices independent of W in two-loop 
supergraphs can be equal to 0, 1 or 2, the number of external vertices W takes values 
from 3 to 5. 

We note that non-trivial contribution to chiral (holomorphic) effective potential from 
any diagram can arise only if the number of D^-factors is more by one than the number of 
D^-factors (sec details in [34]). The only Green function in the theory is the propagator 
< (f)(j) >. Therefore total number of quantum chiral superfields corresponding to all 
vertices must be equal to that one of antichiral ones 4>. As a result we find that the only 
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two-loop supergraph contributing to chiral effective potential looks like 




Here internal lines are propagators < (fxf) > depending on background chiral superfields 
which have the form 



-DlDl 



(9.11) 



We note that the superfield K^^ is not constant here. Double external lines are W". 

After D-algebra transformations and loop integrations we find that two-loop contri- 
bution to holomorphic effective potential in this model looks like 



One reminds that W ' 



W"" 



(9.12) 



here. We sec that the 



correction (9.12) is finite and does not require renormalization in any case despite the 
theory is non-renormalizable in general case. 

We note that the calculation of two-loop kahlerian effective potential can be carried 
out with help of matrix superpropagator (9.8). The results are given in [12, 33]. 

Now let us consider some phenomenological applications of the theory characterized by 
the action (9.1). Let us suppose that the column vector $ describes two superfield: light 



(massless) and heavy $ = 



We calculate for this case one-loop effective action 



and eliminate heavy superfields with use of effective equations of motion. As a result we 
arrive at the effective action of light superfields. There is a decoupling theorem [18, 35] 
according to which this effective action after redefining of parameters (fields, masses, 
coupling) can be expressed in the form of a sum of effective action of the theory obtained 
from initial one by putting heavy fields to zero and terms proportional to different powers 
of where M is mass of heavy superfield (which in the case under consideration is put, 
by fenomenological reasons, to be equal to Mstring [32, 33]). 

We study such a theory in one-loop approximation. The low-energy leading one- 
loop contribution to effective action is given by (9.9). The matrices Ki^^ = q^iq^j and 
= g^i^j can be diagonalized simultaneously, and the trace is a sum of proper values. 
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We consider, as an example, the minimal theory [36] with 

2 2 3. 

After calculations described in [36] and analogous ones to those of Wess-Zumino model 
we get 

where 

Ri,2 = |A<I> + #|2 + 2A2|0P + M2± 



± -\/(|A$ + £f0|2-M2)2 + 4|A2$0 + AM0 + A^|0|2|2. (9.15) 
The low-energy effective action is given by 

rW = J d^z{(P^ + <^^ + hK^^^) + [J (fz{Y'^^ + ^'^<l>^ + ^<P^) + h.c.]. (9.16) 
The effective equations of motion for heavy superfield $ looks like 

--D\^ + h^^) + M$ + = 0. (9.17) 
We can solve this equation by iterative method, i.e. we suppose that 

$ = $0 + $! + ••• + $« + •••, (9.18) 

with is k-th approximation. Since mass M is very large we suppose that \D'^^\ -C M$. 
Zero approximation is obtained from condition M$o + = 0, i.e. $o = 
k-th approximation is proportional to M~''. Substituting the expansion of $ (9.18) into 
(9.17) we get the following recurrent relation for ^n+i- 

~ 4M^ a* l't'=*o+-+<E-n - ri |$=$o+...+$^_j]. (9.19) 
As a result, we get the following solution for $ in leading order 

This solution can be substituted into the low-energy effective action (9.16). The effective 
action of light superfields is defined as 

5e//[0>] =rW[0>;$(0>),i'(0>)] (9.21) 
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where $(0, 0) and the same notation for $ mean that heavy superfields are expressed 
in terms of hght ones via effective equations of motion. In the case under consideration, 
effective action of hght superfields looks like 



S. 



(9.22) 



where S'g° ^ and S'^^'ff are of zeroth and first orders in M ^ respectively. These expressions 
look like 



cO 



327r2 



[4A 



+ 



3! 



h 



1 



327r2M 



1 + log^- +2^ log —] 



Jd'z[- 2X'g{<f> + 0) log ^ + 2X'g[4><P' + /i.e. 



+ 



+ 



))^)+/i.c.; 



(9.23) 



We see that this effective action contains term of the form 



n 



327r2 



log 



2Af2 



which increases with growth of M. If we put the renormalization condition log 
this term vanishes. The effective action, however, in this case takes the form 



-1 



^eff - 



+ 



h ,,,,2, 2gW 

2^'i0riog^^+ 



327r2 



eM2 



d^'z^cj)^ + h.c.) 



(9.24) 



This expression contains the term 2g'^\(j)\^ log '^^^If-l which also increases as M grows. 
Therefore we see that modifications of light superfield effective action caused by presence 
of heavy superfields are significant [36] . 



10 Dilaton supergravity as an example of superfield 
theory with higher derivatives 

The starting point of our consideration is the supertrace anomaly of matter superfield in 
curved superspacc. The action generating this anomaly is obtained in [37]. In conformally 
flat superspace (in which the vector supergravity prepotential is equal to zero) this 
action looks like 

Ta = / d^i^cdaa&'a + ^(32c - b)D''aD^a{dc.a{(T + ^) - 

- ^D^aDo^a)). (10.1) 
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Here we have used the "flat" supercovariant derivatives Da, D^, daa, and a — ln$, 
a = lnl>. 

Let us also consider the superfield action of N=l supergravity, in conformally flat 
superspace we obtain 

SsG = J d^z(^^ +[aJ d^z^^ + h.c], (10.2) 

where = -3, A is the cosmological constant and k, is the gravitational constant. We will 
investigate the theory action of which is a sum of the actions (10.1) and (10.2) Denoting 

1 1 

^ = 8c, 6 = 9 (32c - b), 6 = 9 (32c - b), 



we get a superfield theory in flat superspace with the action of the form 

J ^ 2(47r)' 

— T?7^ - r 

X iCidaai(^ + ^2DaaDaa) - ^e-+^) + (A j d^ze'"' + h.c). (10.3) 



The Q^, Ci, ^'^1 A will be considered as the arbitrary and independent parameters of the 
model. We will call the model with action (10.3) the four- dimensional dilaton supergravity 
model. 

In order to calculate the counterterms and to find the divergences we should study the 
structure of supergraphs of the theory. The strucure of supergraphs is defined by a form 

of propagators and vertices. 

The theory under consideration is characterized by a matrix propagator 



satisfying the equation 



;^n + m^)f 9A )[g.^ G..) [0 6. 



(10.5) 



where 5+ = —^D'^6^{zi — Z2), 6- = —jD'^6^{zi — Z2). The solution of this equation is 
written in the form 



G 



81AA-n(jg^n + m2)' 



9A -(l&° + ^^)f 



(10.6) 



This propagator acts on columns ^ ^ J ' where is a chiral superfield and is an antichiral 
superfield. 
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The propagator in momentum representation looks like follows 



-D2 d^d'^ 



4 - V / ^ 16 

G_+{k) = G2{k)——5^2G__{k) = G^{k)—-5r2, 



:i0.7) 



16 



where 



G,{k) 



G2{k) = 



9A 



A;2(^fc2_^2) +81AA 



G,{k) 



9A 



k'^i^k'^ - rri^) + 81AA 



A structure of vertices is taken from action (10.3). There are four vertices: 



2 

m , „ 



2(^ + ^) ); 



:io. 



n2 q r)2 q 

A(_f^)(e3- - 1 - 3a - ^a^) + A(-^)(e3^ - 1 - 3a - la^). 



The factors (— ^) and (— ^) arise in V4 since the all vertices correspond to the action 
written as the integrals over whole superspace. 

The eqs. (10.7-10.8) are the basis of supergraph technique allowing to develop a 
perturbative treatment for the model (10.3). 

Let us consider the superficial degree of divergence (SDD) from this model. Since 
space-time derivatives give contribution to SDD equal to 1, and spinor ones - to 1/2 we 
see that any Vi,V2-typc vertex contributes to SDD with 2, and all such vertices - with 
Vi^2 (here Vi^2 is a number of such vertices). Any loop as usual contributes with 2 (4, 
because any loop includes integration over d^k, and —2, since contraction of any loop into 
a point requires four D-factors and reduces possible contribution to SDD by 2), hence all 

loops - with 2L. Contribution of all propagators G++^G is equal to — 5Pi where Pi is 

a number of such propagators, and contribution of all propagators G^-, G |. - to —2P2. 

The V3- vertices do not contribute at all, and V4-type totalize a contribution of — V4 [13]. 
We note also that any D-iactor acting to the external line instead of the internal one 
decreases the SDD by |, and any space-time derivative acting on the external line - by 
1. Therefore total SDD is equal to 



UJ 



2L + 2Vio - 5Pi - 2P2 -V4- -Nd - Nq. 



Since 14,2 + T^s + = ^ and L + F - P = 1 we get 



w = 2 - 3Pi - 21^3 - 3V4 - -Nd - Nq. 



;io.9) 
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This equation allows one to make some conclusions. First of all, divergent diagrams cannot 
contain V4-vertices (hence all chiral contributions to effective action are finite). Second, 
divergent diagrams cannot contain < aa >^< aa >-propagators and can contain no more 
than one vertex proportional to m^. Then, formally they can contain arbitrary number 
of VL,2-vertices, hence there is an infinite number of divergent structures (f.e. divergent 
corrections of the form ^1^2^^ a'" a'" D"' a D°'adaa{o- + a) can arise for any n). Hence the 
theory is non-renormalizablc (in the one-loop order some of derivatives asociated to the 
Vi, V2-vertices are enforced to act to the external lines which decreases the degree of 
divergence, in part, the graphs depicted at Figs. 9, 10 are only logarithmically divergent, 
but it is not vahd for the higher loop orders). However, if we put .^1 = .^2 = the theory 
is super-renormalizable. 

Consider one- loop counterterms leading to renormalization of ^1,^2- 




Fig.9 Fig.lO 

The supergraphs associated with Fig.9 and Fig.lO lead to the following contributions 
respectively 

X 
X 

52^ = 
X 
X 

Here Si'^^^ and 82^^^ are one- loop divergent corrections to vertices Vi and V2 correspond- 
ingly, pi, p2 and Pa are external momenta, p = pi+p2- is a standard arbitrary parameter 
of mass dimension introduced in dimensional regularization and e — A — d. After calcula- 
tions described in [13] we get one-loop quantum corrections from this supergraphs in the 
form 

5f) = -576i,-^ ^'^'^^l'''^' J dhD'^aD-ad^^ia + ^)(y^ + M) ^ (10.11) 
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d'^Pid!^p2 

\2d 



(2 



72//-^ei6 / d%d% 

D^ai-p,, e,)D^a{-p2, 9^)dp^{a{p, 62) + a{p, 62)) x 

(ZTT 1 



;io.io) 



72i^-'^i J d%d% 



d'^Pid'^P2d'^P3 



X 



D'^ai-pi, e,)D^a{-p2, e,)D^a(p3, d2)Dpa{p - ps, 82) x 

/ ^^D^Df'G+.{k)D^DPG.+ {k-rp). 
J (27r) 



- , 0(1) . 



Q 

s?} + si'} . 

^dxv — 



In order to renormalize the theory we introduce the one-loop counterterms 
~Si'\iv^ ~S2^\iv corresponds to the following renormalization transformation 

Qfo) — '^^qQ^'^ 

6(0) = /i-'^iei; (10.12) 

6(0) = IJ'~^Z2^2 

where (5(o), 6(0)) 6(0) are the bare parameters and Q^, 6? 6 a-^e the renormalized ones. As 
a result one obtains 

Z, = Z, = (! + «!). (10.13) 

We see that in one-loop approximation there is the same independent renormalization 
constant both for 6 and 6- K means in particular that if we put = c^^°\ where c is a 
constant, then the renormalized parameters 6 and 6 will satisfy the same relation 6 — 
c^i. One-loop renormalization does not destroy the relationship between the parameters 
in lower order. 

Next step is a calculation of Zq. Let us consider the supergraph given on Fig. 11 (note 
that we considered such a supergraph in Section 3) 




'5o 

Fig. 11 

The corresponding contribution looks like this 



= -181,-^^1 J d%d% J -^d^^a{-p,ei)daaa{P,02)x (10.14) 



X J—-, 5,2 ^3 5,2G2{k)G2ik+p). 



{2ny 

Carrying out the transformations analogous to those used above we obtain 

= -/.-^ / dVxd^^ad-^-aC-^^f- + fin) ^ ^1 + S^^]^^. (10.15) 
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After introducing the one-loop counterterm —Sq^^.^ one will obtain using (10.12) 

_ 327r M8e?(47r)^ 

^^^-(^ + "0^ )■ (10-16) 

So we have studied renormalization of ,^2 and Q^. As for the A, it was already 
noted that all diagrams containing vertex of type V4 are finite, it means that the coupling 
A is not renormalized. 

Now it remains to investigate renormalization of m^. It follows from (10.9), that 
divergent diagrams can contain no more than one vertex of Vs-type corresponding to 
coupling constant m^. All other possible vertices should be of Vi- or V2-types. 

We will study the divergent corrections to in the case when Ci= = 0. It means 
that the vertices Vi and V2 are absent at all. It will be proved further that this case 
corresponds to infrared limit of the theory. It means that only V3-type vertex can be 
presented in the diagrams giving contribution to divergent correction to m^. All these 

diagrams contain only one vertex Vs-type, one internal line G_| -type and an arbitrary 

number of external lines corresponding to a, a 




Fig.l2 

Let us consider such a diagram with a given number of external lines, / from those 
are chiral and other are antichiral. Contribution of this diagram has the form 

Sum of all these contributions is equal to 

t % .) ^ !^ / dSe-G,_(., (10.18) 

In momentum representation the Sz can be written as follows 



2 i ] r27r^'^Pr-/42fc2 + m2)=^-81AA 16 ^ ' 



Taking into account \^ ^ 611 = ^ ^i2|g^=g^ = 1 (note that here the tadpole graph 
depicted at Fig. 13 has the non-zero contribution!) we get 

2 7 J (27r)'^A;2(-A2^2 + ^2)2_g^^^ v ; 
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After integration over momentum we get 



We note that despite these diagrams are tadpole-type, their contribution is not equal to 
zero unlike Wess-Zumino model. 

To cancel the divergence we should introduce a counterterm —Ssdi^. It corresponds to 
mass renormalization 



2 —er7 2 

Here ttIq is a bare mass and is a renormalized one. 

Next step is consideration of beta functions. As usual, beta function for any renor- 
malized parameter g{ij,) is defined as 



dg_ 



where the renormalized parameter is expressed in term of the bare one go which does not 

depend on yU, ^ = 0. 



dfi. 

Using (10.13,10.12,10.21) we obtain the following beta functions 



72(167r)\ ^ ^ 72(167r)'2 ^ olSfieTr)^^? 
Pi. = g4 ^1^2; /36 = Q4 ^2; Pq- = 327r^ Q4 • (10-22) 

As a result the equations for running couplings have the form 



— = a— — ; — ciT^', —;— — o—, 10.23 
where a = 2^^3^7r^, b = 3^2^'*7r*^. The solutions of these equations are 



m = Hit) 



?2 ?2 ?2 

+ 647r^(|iH6(t)-6)}. 



Let us investigate the behaviour of running couplings ^i(t), and Q'^{t) in infrared 
domain when t — > —00. It is easy to see that in this case ^2(^) and hence ^i{t) — > 0. 
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It means that ^2°^= is an infrared fixed point. For Q'^{t) we obtain Q'^{t) — > 

— Stt^I^. If we take quantities of initial and ^2 so that they correspond to infrared 

fixed point ^1 = ^2 = one gets Q'^{t) — > Q^. In particular, only the diagrams given on 

Fig. 4 can contribute to mass renormalization in infrared limit. 

To investigate a behaviour of running mass we should use a notion of scaling dimension 

of superfields. We note that the action of the theory (10.3) &t = ^2 — ^ is invariant 

under the transformations 

Sa = {x^da + ^9''Da)a + 1; (10.25) 

Sa = {x^da + \hD'')a + 1 

Let V be is some function depending on superfields a, a and their derivatives dacr, 

daO, DaCr, D^a, We call that V has the scaling dimension A if the transformation 

law of V under transformations (10.25) looks hke this 

5V[a, a] = {x'^da + U'^D^ + i^^D" + A)K (10.26) 

It is easy to see that the superfields cr, a have no definite scaling dimension, the 
derivatives (9^0", da(y have scaling dimension equal to 1, the spinor derivatives DaO',DaO' 
have no definite scaling dimensions. However, the functions e'^, e" have definite scaling 
dimensions A=l. 

Let us fulfil the transformations a — > cto", a — > aa and S — > in the action (10.3) 
at ^1 = ^2 = 0. It leads to the following action depending on arbitrary real parameter a 

We consider the calculation of the renormalization constant in the theory (10.27). 
The only modification in comparison with eq. (10.21) is that we should use the propa- 
gator q;^G_|__ in supergraph given by Fig. 4. The parameter a is resulted here because of 
expansion of e"('^+°'). It leads immediately to 

2a2 

Therefore the equation for running mass will be 

dm^(t) 20^ m? it) ^9.. / „ 

= ^2 + ^m-rn\t). (10.27) 

where A^2 is a scaling dimension of m?{t). 

To find Aj„2 we consider the term ^e"*^'^+'^) in the action (10.27). The scaling dimen- 
sion of this term is —2, a is dimensionless and scaling dimension of e"(^+^) is 2a. Hence 
A^2 —2 — 2a. Therefore the equation (10.27) looks like this 



dm^{t) 2a 



2 



{2 - 2a + ^)m\t)- (10.28) 



dt ' Q 

m^(0) = 
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where we took into account that Q^{t) — in infrared hmit. A solution of this equation 
can be written in the form 



2q;2 

= m^exp((2 - 2a + — (10.29) 

Q 

It is evident that at 2 — 2q; + ^ > we get m^(t) — > in infrared hmit (note that 
this condition is satisfied at a = 1, i.e. when there is no rescahng). It corresponds to 
K^it) — > oo where K'^{t) is the running gravitational constant. 

As for coupling constant A, its beta-function is equal to zero since the vertex of V4-type 
is always finite (see above) and the fields a, a are not renormalized in this approach. 

Therefore in infrared limit we stay with the following action 

S = [ (fzi-]-S^aUa +(A [ d^ze^" + h.c). (10.30) 
J 2 Idtt^ J 

Our aim consists of calculation of low-energy leading contributions to one-loop effective 
action. As usual, the first step is background-quantum splitting 

+ + (10.31) 

Here a, a are background superfields, and x, x are quantum ones. It is known that to find 
one-loop contribution to effective action it is enough to consider the quadratic action of 
quantum superfields which has the form 

The one-loop effective action F*^^) [cr, a] can be read off from expression 

exp(^ri[a,a]) = j Dx^xexp(^5f [a, a; x, %]). (10.32) 

We suggest that the effective action, as usual, has the structure described by (9.2,9.3). 
The one-loop effective action in this theory can be expressed in the form of effective 
action of some real scalar superfield just as we done in Wess-Zumino model: we consider 
the theory of a real superfield v with action 

Sv = ^^J dhvD'^D^D^nv. (10.33) 

One-loop effective action for this theory in the framework of Faddeev- Popov approach 
is given by 



^ Jdv exp{zS,)6{^D% - m^D^v - x) A, (10.34) 



where A is Faddeev- Popov determinant which is a constant as in Wess-Zumino model. We 
note that Wy is also a constant. After multiplying of left-hand side and right-hand side 
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of equations (10.32) and (10.34) respectively and integration over XiX we get one-loop 
contribution to effective action f in the form 

r(i) = _iTrlog(^n2 - QAe^'^— - QAe^^— ). (10.35) 
In Schwinger representation the one-loop contribution to effective action looks like 

r« = -I- r ^Trexp[^s(-^n2 - QAe^'^:^ - OAe^'^:^)]. (10.36) 
After change s — > s, A^p^ — > A we can express this effective action as 

r(i) = -1 ^IVe^^°' exp[is(-9Ae^'^^ - Q^e"^^)]. (10.37) 
2 Jo s 4 4 

Really, commutators of with background superfields can lead only to terms depending 
on space-time derivatives of background superfields which lead only to higher orders in 
da(T. We can calculate exponent of A = — 9Ae^°'^ — 9Ae^°'^ by the same way as in 
Wess-Zumino model. The necessary expressions are 

^ (10.38) 

- ^ / |^j(-A.-^)e-" ^ -3^^. (10.39) 

The expression (10.37) can be exactly found in two special cases: 

(i) kahlerian effective potential, in this case all derivatives of o", a are equal to zero. 
The expression (10.37) is analogous to the expression (8.16) after redefinitions QAe^'^ — > 
-0, 9Ae^°' — > t/S. As a result we can easily restore expression for Schwinger coefficients 
A{s),A{s) (6.9): 

A{s) = A{s) = ^[cosh(9isA\/e3(<^+^)n) - 1]. (10.40) 
The one-loop kahlerian effective potential is given by 

K^^) = -- [A{s)+A{s)]U{x,x';s)\,=,>, (10.41) 

Z JO 

where C/(x, x'; s) — e^^°^5'^{x — x'). We can write 

i d~s ^ r(9A5ef('^+'^))2"+2 



We can separate sum over n into sum over odd n and sum over even n. We use expressions 
(10.38) and take into account that 

tfV^°'5^(xi-X2) = (^)V^°'5^(xi-X2) (10.43) 

□2"+^e**°'5^(xi -X2) = {-^T^e''°'5\xi-X2). (10.44) 

OlS 



52 



As a result we find one-loop kahlerian effective potential in the form 

^ cA2/3(l^)2/3e-+-, (10.45) 

where c is a constant given in [38]. 

(ii) chiral effective Lagrangian. To calculate it we put a — which leads to calculation 

of 

U{a\s) = exp[is(-9Ae2'")— - 9A— )] (10.46) 

up to the second (leading) order is spinor derivatives of a. We note that as a result 
one-loop effective action in leading order takes the form 

r« = - f d^'z r —[AAa\D)D''aDaa + A2(a\a)D^a + A3(a\a)]x 
2 J Jo s 

X Uo{x,x']s)\^=^r. (10.47) 

After transforming of this expression to the form of integral over d^z it is at least of 
second order in space-time derivatives of a. Hence we can put all coefficients ^1,^2, A3 
to depend only on a but not on its derivatives. It means that at the step of calculating 
U{a\s) we can put all space-time derivatives of a, a to zero. After calculation of U{a\s) 
(10.46) we get the coefficients of Schwinger expansion A{s),A{s) (note again that only 
they contribute to one-loop effective action, see (10.41)): 

A{s) = ^[cosh{iWs) - 1] (10.48) 

A{s) = -16h{-8h<P{tsr + Q^^ C""^^^'^ - is)D^ + 

+ 8192— [iW^s cosh(iW^s) - 3 sinh{iWs) + 2iiys]D"0D„0. (10.49) 

Here = e'" , h = — |A^^, W = IGhe^^'^'' ^/O. This expression for A and A can be 

substituted into (10.47). After expansion of A and A into power series, transformation 
of the contribution to the form of integral over d^z and integration over s (see details in 
[38]), one- loop leading chiral contribution to effective action takes the form 

£(1) _ A^/3[{(ci + 3c3)e-" + cae^" + 3c4e-^"}9'V9^a + (cae"" + 046"^") Da]. (10.50) 

Here Ci, €2,0-^,04 are finite constants given in [38]. We find that the leaing chiral contri- 
bution to effective action is of second order in space-time derivatives of chiral superfield 
a, therefore one-loop chiral effective potential is absent. 

Then, if we sum classical action (10.3) and leading quantum corrections 
(10.45,10.50) we get one-loop corrected effective action. If we put in it all derivatives of 
superfields to zero we get the following low-energy leading effective action: 

r = C( A)2/3 J (^8^g.+a ^ y ^6^g3a ^ 
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We remind that a — log$, a — logl» where $ are chiral and antichiral supergravity 
prepotentials (so called chiral compensators). Expression of this effective action in terms 
of ^ gives 




(10.52) 



This action has the structure similar to the classical action of Wess-Zumino model. Hence 
we see that Wess-Zumino model is generated at infrared limit of four-dimensional dilaton 
supergravity. 



11 Supergauge theories 

This section is a brief review of results on supergauge theories. Unfortunately, restricted 
volume of this section does not allow to discuss all essential results of last years in this 
sphere hence we only give here main ones. 

The starting point of our consideration is an action of jV = 1 super- Yang-Mills theory: 

SsYM = ^ / c?'^trVF"VF«, (11.1) 

where 

= _lL>2(e-2^^L>,e2^^); V{z) = V\z)T' . (11.2) 
o 

The Vi^z) = V\z)T^ is a real scalar Lie-algebra- valued superfield. We can expand the 
action (11.1) into power series in coupling g. As a. result we get 

S=^ f d^ziiiVD^'D'^D^V + ...). (11.3) 
16 J 

Here dots denote higher orders in g. The action (11.1) is invariant under gauge transfor- 
mations 

^2gV ^ ^-2ig-K^2gV^2iaK ^^^ ^^ 

where D^A = 0. The equivalent form of this transformation [10] is 

5{gV) = Lgv{2igA - 2igK + cothgy(2ic/A + 2igK)). (11.5) 

Here LgvA = [gV, A] is a Lie derivative. It is easy to see that strengths Wa, Wq. are 
invariant under such transformations. The leading order in (11.5) is 

SigV)^2ig{A-A). (11.6) 
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Since the theory is gauge invariant we must introduce gauge-fixing functions for quanti- 
zation. The most natural form of them is (cf. section 8 where these gauge-fixing functions 
were used for calculation of one-loop effective action in Wess-Zumino model) 

X{V) = -\D'V + f{z) (11.7) 

X{V) = -\D'V + f{z). 

Here f{z) is arbitrary chiral superfield. Variation of these gauge fixing functions under 
transformations (11-5) is 

According to Faddeev-Popov approach we can introduce the ghost action 

Sqh = ^ 5x\gK=c,gK=c (11-9) 

i.e. parameters of transformation gA,gA are ghosts. Here 6x = S i (^y^j j ' ^^'^^ (H-S), 

c' is a line {c'c') and since A is chiral c, c' are also chiral ones. Here c, c' are chiral ghosts 
and c, c' are antichiral ones. As usual, ghosts are fermions. 
Therefore 

Sgh = / d^ztrc'^6V + J d^ztrc^^SV, (11.10) 

where 

5V = Lgv{c-c + cothgv{c + cj). (11-11) 
Therefore the action of ghosts looks like 

Sgh^ J d^ztT{c' + c')Lgvic-c + cothgv{c + c)). (11-12) 

Then, the generating functional for this theory at zero sources according to Faddeev-Popov 
approach looks hke 

Z[J]\j=o = j DvD{c}e'^^'^^+^°^^S+{^DW - /)(5_(^L'V - /). (11.13) 
Here D{c} = DcDc' DcDc' We can average over functions / and / with weight 

exp(^ J d'z{ff + bb)), (11.14) 

where ^ is a some number (gauge parameter). The b,b are Nielsen-Kallosh ghosts (in 
this case their contribution to effective action is a constant, but in background-covariant 
formulation it is non-trivial). As a result (11.13) takes the form 

Z[J]j=o = j L)vD{c}e^(^s^^+^''«+^G^), (11.15) 
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where 

Sgf^^J d'ztr{D'V)iD'V) (11.16) 

is a gauge-fixing action [10]. 
We introduce the total action 

Stotal — SsYM + SgF + SgH (H-l^) 

and the generating functional 

Z[J, {rj}] = J DVD{c} exp{i{Stotai + J d^ztrJV + J dhtr{r)'c' + r]c) + 

+ I d'^zifj'c' + f]c))). (11.18) 

Here {rj} is the set of all sources: 1], 1]', fj, fj'. To develop diagram technique we must split 
action Stotai into free (quadratic) part and vertices. It is easy to see ([10, 39]) that 

^-2gvjj.^2gv ^ ^gD^^V - 2g^[V, D^V] + ^[V, [V, D^V]] + .... (11.19) 

Therefore (11-1) looks like 

SsYM = Jd'ztT(^VD-D^D^V + ^g{D'D-V)[V,D^V]- 

- ^g'[V, D-V]D^[V, D^V] - ^g\D^D^V)[V, [V, DJ^]] + ...). (11.20) 
And the ghost action is 

2 

Sgh = / d«^tr(c'c - cc' + g{d + d)[V, c - c] + |-(c' + d)[V, [V, c + c]]) + . . . . (11.21) 

This expression is enough in one- and two-loop calculations. 
The quadratic action is 

So = ^J dhtTV[ - □ + ^(1 + ^{D^, D^}))V + J dhtr(dc - cc'). (11.22) 
Vertices can be read off from (11.20,11.21). Propagators look hke 

<V{z^)V{z,)> = -^{-^D-D'D^ + C^^^^)S\z,-z,) (11.23) 

< C{zi)c{z2) > = < C\zi)c{z2) >= - ^2)- 

We note that ghosts are fermions hence any ghost loop corresponds to minus sign. Then, 
D-factors are associated with vertices containing ghosts just by the same rule as with 
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vertices containing any chiral superfields. We note that if we choose ^ = — 1 (Feynman 
gauge) the propagator of gauge superfield takes the simplest form 

< v{zi)v{z2) >= y^{zi - Z2). (11.24) 

Note that its sign is opposite to the the sign of propagator of chiral superfield. 

If we want to introduce interaction of a chiral superfield with the gauge one the 
quadratic part in $ looks hke 

S = J dh^i{e^^))^^ , (11.25) 

if chiral superfield $i is transformed under some representation of the gauge group (i.e. 
it is an isospinor) or 

S ^ J d^ztr{^e-^^^e^^), (11.26) 

if chiral superfield $ = $"7"" is Lie- algebra- valued. Note that under gauge transformations 
(11.4) the chiral superfield is transformed as 

$ ^ (11.27) 

for isospinor chiral superfield and as 

$ ^ ^-2igA^^2igA (11.28) 

for Lie-algebra- valued chiral superfield. Note that A, A are Lie-algebra-valued in both 
cases. The vertices can be easily obtained by expanding into power series expressions 
corresponding to interaction: in first case 

/ dhi^^ie^"")]^^ - = d^Yl -^^^(^^");•^^ (11-29) 

J J n=l ^■ 

and in second one - 

J d^z{tr{^e-^^<^e^^) - $$) = J (i^^tr($[V, l>] + l>[V, $] + ^[$, [V, [V, $]] + .. .)(11.30) 

The diagram technique derived now is very suitable for calculations in sector of back- 
ground $ only and for calculation of divergences. 

Let us consider an example. The N — 2 super- Yang-Mills theory with matter is 
described by the action (see f.e. [40]): 

S ^ tr^J d^zWWo, + trj dh^e'^^^e^^ + 

+ J2 [^9{ J d'^zQ.'^Q, + h.c.) + j d'^zQ^e-^'^Qi + j d^'zQie'^Q^ . (11.31) 
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Here $ is Lie- algebra- valued chiral superfield, and Q*, Qi are chiral superfields transformed 
under mutually conjugated representations of Lie algebra. They are often called matter 
hypermultiplets. Let us consider the structure of one-loop divergences in this theory. For 
simplicity we choose Feynman gauge ^ = — 1 in which the propagator has the most simple 
structure (11.24), therefore all tadpole diagrams given in [39] evidently vanish. 
First we consider contributions to wave function renormalization of $ field 





Here the thin line is propagator of $, the thick one - of hypermultiplets Q, Q, the 
wavy one - of real superfield v, the dashed one - from ghosts. 

One-loop divergent contributions from these supergraphs are respectively (see f.e. [40]) 



M 



and 

{ty k^{k\ pf ^°^'tr„,(r"r-r-^)tr„,(r^r-r'^) (11.33) 

Here Itm denotes trace in representation under which hypermultiplets are transformed. 
Coefficient 2 is caused by presence of two chiral hypermultiplets Q and Q. We see that if 
Hm^'^m{T'^T^) = i'i^ad{T"'T'^T'^)tYad{T'^T'^T'^) there is no divergent contributions to wave 
function renormalization. 

Corrections to hypermultiplet wave function look like 





One-loop divergent contributions from these supergraphs are respectively [40] 

d^k 1 



I 



{27r)^ k^{k+p) 
and 

d^k 1 



;QiQi{TT{TY (11.34) 



(27r)4A;2(A;+p)2 



QiQi{TT{Ty' (11.35) 



These corrections evidently cancel each other, hence there is no renormalization of hyper- 
multiplet wave function. In both these cases cancellation is caused by the difference in 
signs of propagators of gauge superfield and chiral superfields. 
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One-loop contributions to wave function renormalization for gauge superfields are 




Contribution of these four supergraplis are respectively given by (see f.e. [41, 40]) 






1 


(2vr)4 


k'^{k+py 




1 




k^ik+pf 


d^k 


1 




k^{k + pf 


d^k 


1 


{2nY 


k^{k + py 



V''V\rad{T''T''T'^)tXad{T^T^T'^) 



-4 / , ,,,,,, -::V''V\ym{T''T'). (11.36) 

J {2-KYk^{k + pY ) y ) 

Hence if 2 Em trM(T"T^) + 2ii ad{T^T''T^)iiad{T^T^T'^) = AiiadiT^T^) (or, as is the same 
with taking into account condition for < 00 >-propagator, tYad{T"-T'^T'^)tYad{T''T'^T'^) — 
tii:ad{T"'T^)) these contributions are cancelled and there is no divergent correction to 
< VV >-propagator, and the theory is finite. This mechanism of vanishing divergences is 
discussed, f.e. in [41], [42], where it is shown to be caused by the N = 2 superconformal 
symmetry. The most important example of such theories is = 4 super- Yang-Mills 
theory where we have one pair of hypermultiplets Q, Q and they are transformed under 
the adjoint representation of Lie algebra. This theory is known to be finite (see f.e. 
[39, 41]). 

However, the approach developed until this place is very useful for consideration of 
divergences and corrections in the sector of chiral superfields $, Q, Q only. To study con- 
tributions depending on gauge superfields we must develop a method allowing to preserve 
manifest gauge invariance at any step as earlier we obtained contributions in terms of 
superfield V which are in general case not gauge invariant. Therefore we must introduce 
an approach in which external lines are background strengths Wa,Wa and their gauge 
covariant derivatives. This method was developed in [28] (see also [44] and references 
therein), here we give its description. 

The problem of calculation of the effective action in the theory described by the action 
(11.1) is much more complicated than in other field theories. The main difficulties are 
the following ones. First, the nonpolynomiality of the action (11.1) implies in the infinite 
number of vertices which seems to result in infinite number of types of the divergent quan- 
tum corrections (such a situation is treated in common cases as the non-renormalizability 



59 



of the theory), second, it is easy to see that the common background-quantum sphtting 
V ^ Vo + V where Vq is a background field and v is a quantum field cannot provide 
manifest gauge covariance of the quantum corrections. Really, because of the nonpoly- 
nomiality of (11-2), to get a covariant quantum correction (which by definition must 
be expressed in terms of the strengths Wa, Wa which are the only objects transforming 
covariantly under the gauge transformations unlike of the superfield V itself) we need to 
summarize an infinite number of supcrgraphs with different numbers of external Vq legs. 
The background field method provides an effective solution for both these problems. 

The starting point of the method under discussion is a nonlinear background-quantum 
splitting for the superfield V defining the action (11.1) [28]: 

Here the f is a quantum field, the Q, Q are the background superfields (they are not 
necessary chiral/antichiral ones). After such a background-quantum splitting, the classical 
action (11.1) takes the form: 

S = j d^z{e-^^''V''e^^^)'D\e-^<^''Vae^<^''), (11.38) 

In this expression (which describes a theory of real scalar superfield v coupled to back- 
ground superfields fl,fl) the are the background covariant derivatives defined by 
the expressions [41, 28]: 

-pa _ ^-2gn jja^2gn 

V" = e^s^D^e"^^^. (11.39) 

Our further aim consists in study of the action (11.38). To do it let us first describe 
the properties of the background covariant derivatives given by (11.39). The 
in (11.39) act on all on the right. Then, as well as the covariant derivatives in usual 
differential geometry, the background covariant derivatives can be represented in 

the following "standard" form 

p° = L)"-ir", P" = L)"-ir", (11.40) 

where 

pa ^ ^g-2gQpag2gf7^)^ pd ^ ^^2^^ ^£,dg-2gn-) (11-41) 

are the superfield connections. 

Let us study the (anti)commutation relations for the "D", "D". We start with imposing 
the following constraint 

-Daa = —{Va^Va} (11.42) 
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which represent itself as a background covariant analog of the common anticommutation 
relation daa = — f {-Dq, -Dq}. Then, it is easy to verify straightforwardly the following 
definition of the background strength (cf. [43]): 

W^a = = V2[V^V^^]. (11.43) 

Really, after we substitute expressions (11.39) for the background-covariant derivatives to 
(11.43) and take into account that e^^^e^^^ = (?^^ in the case of absence of the quantum 
field V (cf. (11.37)) we get just the definition (11.2). 

The relation (11.43) is crucial. Its treating consists of the fact that the background- 
covariant space-time derivative has non-zero commutators with spinor background- 
covariant derivatives unlike of the common covariant derivatives, and, moreover, that 
the background strengths could arise during the D-algebra transformations. In part, the 
identity (11.43) implies in the following expressions [44]: 

[P,,^'] = 4i(-v^iy" + P"P,^) = 

= ^^{^^m'^ ^V^^V^). (11.44) 

Another consequence of (11.43), and consequently of (11.44), is 

_lpap2p^ + ^ □ _ ^^ap^ _ . . (11.45) 

This expression is a gauge covariant analog of the known relation 

Basing on (11.43), we also can prove the following important relations: 

p2p2p2 ^ ^Qi^^ _ ^w"v^ - ^(r»"w„))p2 = i6n_p^ (11.46) 

We also need in definition of the (background) covariantly chiral superfields to describe 
coupling of the gauge superfields to the matter. By definition, the superfield $ is referred 
as the (background) covariantly chiral one if it satisfies the condition — 0. It is easy 
to see that the $ is related to the common chiral field $o as 

$ = e»^$o- (11.47) 

Really, condition of chirality /)d$o = implies in 

e^^L>ae-^^e^^$o = 0. (11.48) 

Using the definitions (11.39,11.47) we arrive just to the condition — 0. 

Now we are in position to develop the petrurbative approach for the theory with 
action (11.38). First, we note that this theory possesses the symmetry with respect to 
the following gauge transformations: 

^gv _^ ^igA^gv^-igA (11.49) 
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where A is a covariantly chiral parameter, i.e. it satisfies the condition Pq,A = (sim- 
ilarly, V^k — 0). Therefore we need to introduce a gauge fixing. The most natural 
background covariant gauge fixing term looks like 




1 



/ 



dhv{V\&}v 



(11.50) 
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which is a covariant generalization of the common gauge fixing term in the Feynman 
gauge. Summarizing the (11.38) and (11.50) and taking into account (11.45) we get the 
following action of the quantum v field: 



In principle, one can fix other gauges (by putting the factor in Sgf), however, even 
problem of finding the propagator for v field appears to be very complicated (up to this 
time nobody found this propagator in a closed form). Hence the Feynman gauge is the 
most convenient one. The propagator of the v field in the Feynman gauge is 



(for the sake of the uniqueness of the consideration we relate all terms involving Wa, Wa 
to the interaction part). 

The Sint in the expression above is an interaction part. It involves both covariant 
generalizations of the "common" vertices and the new vertices involving the background 
strengths Wa, Wa manifestly: 



Because of the gauge symmetry, one needs to introduce ghosts. Since the form of the 
gauge transformations and gauge fixing action is very similar to the "common" super- 
field case with only difference consisting in covariant chirality instead of common one, 
the action of ghosts in this case also will be analogous to the common case with only 
difference consisting in the fact of the coveiriant chirahty of the ghosts c, c' or covariant 
antichirality of the ghosts c, c': 





< v{zi)v{z2) >= a-^5^{zi - Z2) 



(11.52) 





/ 



(f'z{c' + c')Lgy{C — C + Cth.Lgy{C + C) ) 



(11.54) 



which after expansion in the power scries gives: 




c'c - cc' + (c' + ^)[v, c + c]) + -^(c' + c') [v, [v, c + c]] + ...). (11.55) 
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The action of the matter after the background-quantum sphtting of the gauge fields takes 
the form 

Sm = J d^z^e^"^, (11.56) 

where $, l> are the coveiriantly chiral and antichiral superfields. The propagators of 
chiral superfields and ghosts are 

< 00 >= -^v^n-^&, < c'c >=< cc' >== -^©^□-ip2_ (11.57) 

We note that such propagators can be expanded into power series in Wa, Wa, see (11.46). 
The expressions (11.53,11.55,11.56,11.52,11.57) can be used for constructing the super- 
graphs. The examples of application of the method for the supergraph calculations can 
be found in [44]. 

Now let us give a comparative characteristics for the two methods of superfield calcu- 
lations - the background field method and the "common" method. 

The crucial difference is the following one. In the framework of the "common" method 
the quadratic and linear divergences could arise for the supergraph with arbitrary any 
number of the external legs. Really, it is easy to show that the superficial degree of 
divergence for the "common" supergraph is 

u;^2-^Nn- E^, (11.58) 

where Nd is a number of spinor supercovariant derivatives associated to the external legs, 
is a number of external chiral (antichiral) legs. We note that the quadratic and/or 
linear divergences are possible for any number of external v legs. At the same time, in 
the framework of the background field method by the construction of the background- 
quantum splitting the only external lines are the background strengths and/or their co- 
variant derivatives. The superficial degree of divergence in this case can be shown to have 
the form 

uj^2-^Nw-^ND + e-E^, (11.59) 

where N]^ is a number of the background strength legs, e = 1 for the chiral (antichiral) 
contribution (which only possible structure is / d^zW^, J d^zW^), otherwise e = 0; the 
Nd is the number of derivatives acting on external Wa, legs (the derivatives presenting 
in each Wa, Wa by definition must not be taken into account!). We see that in framework 
of this approach only logarithmic overall divergences are possible, they arise for the terms 
proportional to W'^, with the quadratic and linear subdivergences (which are important 
if we make a noncommutative generalization) can arise only in subgraphs which are not 
associated to the external Wa, Wa legs. 

Prom formal viewpoint such a difference has the following origin. Really, the superfield 
strength by construction contains three spinor derivatives, hence arising of any superfield 
strength leg in the framework of "common" formalism decreases by three the number of 
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the i?-factors which could be converted to momenta (we note that use of the background 
field method allows to sum automatically the infinite number of "common" graphs and 
forbids existence of the supergraphs with the superficial quadratic or linear divergence), 
as a result, the convergence of the supergraph is improved. It is essential in the non- 
commutative field theory since it means that the only problems could be generated by 
subgraphs only as each contribution to the effective action is in worst case only logarith- 
mically divergent. In part, it means that there is no contradiction between the result of 
Bichl et al. [45] according to which the different contributions to the one-loop two-point 
function of v field in the U{1) NC SYM theory possess quadratic divergences (only their 
sum is free of dangerous UV/IR mixing) and the result of Zanon et al. [46] according 
to which all one-loop contributions to the effective action in the same theory are free of 
the dangerous UV/IR mixing (notice that the calculations in the last paper were carried 
out in the framework of the background field method); we should mention also use of 
the background field method in the papers [46] devoted to study of the one-loop effective 
action in the noncommutative super- Yang-Mills theories. We note that the background 
field method allows to preserve the gauge covariance at all steps of calculations. 

However, the background field method has one disadvantage - presence of nontrivial 
commutators of the covariant derivatives makes all calculations extremelly difficult from 
the technical viewpoint. 

12 Conclusions 

We considered superfield method in supersymmetric field theory. This method allows to 
preserve manifest supersymmetry at any step of calculations, and the calculations within 
it turns to be much more compact than within the framework of the component approach. 

We studied several examples of superfield theories and presented in details quantum 
calculations for them. These examples were Wess-Zumino model, general chiral super- 
field model, dilaton supergravity and N — 1 super- Yang-Mills theory with chiral matter. 
In these theories we developed supergraph technique, studied general form of superfield 
effective action and calculated low-energy leading contributions to effective action. It is 
natural to expect that development of superfield quantum calculations in other superfield 
models formulated in terms of = 1 superfields including different supergravity models 
is in principle no more difficult. We also discussed the background field method in the 
supergrauge theories. 

Let us briefly discuss other applications and generalizations of the superfleld approach 
in the quantum field theory. In the last years the following most important ways of 
applications of superfield supersymmetry were developed. 

1. Studying of theories with extended supersymmetry. It is known that 
theories with extended supersymmetry possess better renormalization properties, f.e. as 
= 1 super- Yang- Mills theory is renormalizable, the = 4 super- Yang-Mills theory is 
finite. The most important examples of theories with extended supersymmetry are N = 2 
and N = 4 super- Yang- Mills theories. During last years numerous results in studying of 
these theories were obtained (see f.e. [47, 48, 49] and references therein). 
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It is natural to expect that the most adequate method for consideration of such theories 
must possess manifest N = 2 supersymmetry. Such a method is a harmonic superspace 
approach developed in [50], [51]. This method is based on consideration of supcrficlds being 
the functions of bosonic space-time coordinates x", two sets of Grassmann coordinates 
Qioi Qia i — 1,2 and spherical harmonics Introducing of analytic superfield 

[50] allows to develop formulation in terms of unconstrained N — 2 superfield and to 
avoid arising of component fields with higher spins. The formulations of iV = 2 and 
= 4 super- Yang-Mills theories in harmonic superspace is given in [50, 51], background 
field method for these theories is developed in [52, 53, 54], and examples of quantum 
calculations are given in [48, 49, 55, 56, 57]. The most important results presented in 
these papers are calculation of holomorphic action of = 2 matter hypermultiplets 
in external N = 2 gauge superfield, calculation of one-loop nonholomorphic effective 
potential in = 4 super- Yang-Mills theory and proof of its absence in higher loops, 
calculation of one-loop effective action for = 4 super- Yang-Mills theory for constant 
strength tensor F^b, calculation of superconformal anomaly of N — 2 matter interacting 
with N — 2 supergravity. During last years other important results achieved in these 
investigations were calculation of contributions depending on derivatives of A^ = 2 supcr- 
Yang-Mills strength W [58, 59], calculation of contributions depending on background 
matter hypermultiplet fields [60], and development of quantum approach for A'^ = 3 
super- Yang-Mills theory [61] (the manifestly N — 3 supersymmetric approach based on 
the harmonic superspace technique for the N — 3 supersymmetric theory was given in 
paper [62]). 

2. Noncommutative supersymmetric theories. Noncommutative theories have 
been intensively studied during last years. Concept of space-time noncommutativity was 
introduced to quantum field theory due to some consequences of D-branes theory [63] and 
to consideration of quantum theories on very small distances where quantum fiuctuations 
of geometry are essential. Consideration of supersymmetric noncommutative theories is 
quite natural. During last years some interesting results in studying of noncommuta- 
tive supersymmetric theories were obtained but they were mostly based on component 
approach. The first superfield results were calculation of leading (~ F^) correction to 
one-loop effective action for A^ = 4 super- Yang-Mills theory [46] and formulation of su- 
pergraph technique for noncommutative Wess-Zumino model [64]. Further, the quantum 
superfield studies for the Wess-Zumino model [65] and four-dimensional superfield QED 
[66] and super- Yang-MIUs theories [67] were carried out. These theory were shown to be 
consistent in the sense of absence of the nonintegrable UV/IR infrared divergences. Thus, 
we can speak about construction of the consistent noncommutative generalizations of the 
supersymmetric theories of electromagnetic, strong and weak interactions. Therefore, the 
next most important problem could consist in development of the noncommutative su- 
persymmetric generalization for the last fundamental interaction - the gravitational one. 
However, this problem is of course extremely difficult (see discussion of the problem f.e. 
in [68, 69]). 

3. Noncommutative superspace. One more approach in the superfield quantum 
theory is based on use of the noncommutative superspace [70]. Within it, the fcrmionic 
superspace coordinates form the Clifford algebra instead of the Grassmann algebra, which. 
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in part, leads to the modified construction of the Moyal product. In the framework of this 
approach, the generahzations of the Wess-Zumino (see f.e. [71] and reference therein), 
gauge (see f.e. [72] and reference therein) and general chiral superfield model [73] were 
studied. 

Then, there are a lot of applications of superfields approach to problems of supcrsym- 
metric quantum field theory (f.e. to studying of AdS/CFT correspondence which was 
carried out mostly on base of component approach) , and of course consideration of many 
problems originated from superstrings and branes theory. 

As a final conclusion, we can suppose that superfield approach in quantum field theory 
is a very perspective one, and there are a lot of ways for its development and more 
applications. 
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